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The present paper derives the post-Newtonian Lagrangian of translational motion of N arbitrary-
structured bodies with all mass and spin multipoles in a scalar-tensor theory of gravity. The multi-
poles depend on time and evolve in accordance with their own dynamic equations of motion. The
Lagrangian is retrieved from the post-Newtonian equations of motion by solving the inverse prob-
lem of the Lagrangian mechanics and generalizes a well-known Lagrangian of pole-dipole-quadrupole
massive particles to the particles of higher multipolarity. Analytic treatment of the higher-order
multipole contributions is important for more rigorous computation of gravitational waveform of
inspiralling compact binaries at the latest stage of their orbital evolution before merger when tidal
and rotational deformations of stars are no longer small and rapidly change in time. The Lagrangian
of N-body system with arbitrary mass and spin multipoles is instrumental for formulation of the
post-Newtonian conservation laws of energy, momenta and the integrals of the center of mass.
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4I. INTRODUCTION
Modern astrophysics has reached a significant progress in understanding the nature of ultra-relativistic objects like
neutron stars and black holes through precise and accurate measurements of compact binary systems conducted in
different bandwidths of electromagnetic spectrum spreading out from radio to gamma-ray wavelength [1–4]. Grav-
itational wave astronomy had opened a new window to study dynamics of the binary systems with compact stars
having fast intrinsic rotation and ultra-short orbital periods [5]. Such binary systems consist either of two neutron
stars or a neutron star (NS) and a black hole (BH) or two black holes which are significantly deformed by centrifugal
and tidal forces. Moreover, the gravitational radiation-reaction force causes a rapid secular decrease of the orbital
period and separation between the two bodies while the intrinsic angular momentum (spin) of each body is subject
to wide precession which changes the rotational and tidal deformations of the bodies in the course of time. Precise
measurement of these deformations by means of gravitational wave detectors is a key to more profound understand-
ing of the interior structure of compact astrophysical objects and the equation of state (EoS) of hadronic matter at
super-critical density and pressure of the degenerate Bose condensate of baryons [6] and/or quark-gluon plasma [7]
just before the merger. It also provides a deeper insight into non-linear geometrodynamics of binary black hole [8, 9].
Information about the equation of state and other fundamental physical parameters of matter of the tidally-
disturbed bodies in the binary system (like the Love numbers, viscosity, shear stress, etc.) is mapped through the
gravity field equations to a set of tidally-induced multipole moments and their time derivatives [10, 11]. There
are two, physically-meaningful types of the multipole moments in general relativity called mass and spin multipoles
[12]. Scalar-tensor theory of gravity contains one more type of multipoles called scalar-field multipoles [13, 14]. The
multipoles parameterize the equations of orbital evolution of the inspiralling binary systems. The mass multipole
moments appear already in the Newtonian approximation while the spin and scalar field multipoles come up for the
first time at the first post-Newtonian (PN) approximation. Translational equations of motion of extended, arbitrary-
structured bodies in N-body system with the full account for the intrinsic mass and spin multipoles of the bodies have
been derived in general relativity [15, 16] and in scalar-tensor theory of gravity [14, 17, 18]. These equations extend the
domain of analytic applicability of equations of motion of pole-dipole massive particles in higher PN approximations
from inspiral to coalescence stage of the orbital evolution of compact binary systems.
General physical characteristics of gravitational N-body system can be, in principle, understood without explicit
integration of equations of motion if the first integrals of the equations are known. The first integrals are functions of
dynamic variables and their time derivatives in the configuration space of N-body system. The dynamic variables are
coordinates of the center of mass and multipole moments of the bodies which are functions of time. The first integrals
can be obtained by applying the Nöther theorem to the Lagrangian of N-body system [19]. The knowledge of the
analytic form of the first integrals is important for formulating the conservation laws of energy, angular and linear
momenta, and the integrals of the center of mass of N-body system. Knowledge of their analytic form is critical for
minimization of the errors of numerical integration of the equations of motion of inspiralling compact binaries when
computing the tidal and tidal-resonant effects [20] as well as for refining the statistical estimates of the parameters of
gravitational waveforms [21].
In principle, the Lagrangian of N-body system can be derived directly from the Hilbert action of general relativity
(or any other, viable alternative gravity theory) as proposed by Infeld [22] who extended similar idea of Fokker
[23] from electromagnetism to general relativity. Fokker-Infeld method was applied by Brumberg [24] who derived
the post-Newtonian Lagrangian of N-body system consisting of rigidly rotating and oblated bodies possessing the
intrinsic spin-dipole and mass quadrupole moments. Fokker-Infeld Lagrangian of N-body system was also derived for
structureless (non-spinning) point-particles 1 in the second PN approximation of general relativity [25–31]. Similar
method was used to derive the ADM Hamiltonian of point-like particles of N-body system in the third [32, 33] and forth
PN approximations [34–36]. Corresponding ADM Hamiltonian of N-body problem for spinning point-like particles has
been derived by Jaranowski and Schäfer [37], Schäfer and Jaranowski [38] who employed the regularization technique
to deal with the formally-divergent integrals from distributions which are used to model the point-like bodies of
N-body system [39].
An independent method to get the Lagrangian L of N-body system is based on solving the inverse problem of
the Lagrangian mechanics by writing down a system of self-adjoint differential equations in partial derivatives for,
yet unknown, function L such that its solution, if it exists, yields the variational derivative corresponding to the
dynamical equations of motion of N-body system. The Lagrangian is defined not uniquely but up to a total time
derivative from an arbitrary scalar function [19]. Mathematical foundations justifying the existence and uniqueness of
the solution of the inverse problem for a system of ordinary differential equations of the second order have been worked
out by Douglas [40], significantly rectified and improved by Santilli [41] and further refined and enhanced by other
1 The structureless and non-spinning point-particles correspond to spherically-symmetric and non-rotating extended bodies.
5researchers – see, for instance, [42, 43] and reference therein. Solution of the system of the self-adjoint differential
equations relies upon a rigorous mathematical background but is hardly applicable for practical computation of
the Lagrangian of gravitational N-body problem in the post-Newtonian approximations due to the complexity of the
equations. Technically, it is much simpler to look for the Lagrangian in the form of a linear combination of some scalar
functions with yet undetermined numerical coefficients, then, to take the variational derivative from this combination
and equate it to the original equations of motion of N-body problem. Identification and comparison of similar terms
yield a system of algebraic equations for the above-mentioned numerical coefficients which can be solved by applying
a standard linear algebra technique. If such solution exists it immediately yields the post-Newtonian Lagrangian
of N-body system. This "linear algebra" approach to solving the inverse problem of the Lagrangian mechanics was
applied in general relativity to build the Lagrangian of N-body system made up of pole-dipole particles [30, 33, 44, 45].
We notice that in spite of the enormous success in developing the post-Newtonian approximations for solving two-
body problem of point-like masses [46] the post-Newtonian Lagrangian of gravitational N-body system consisting of
arbitrary-structured, rotating and dynamically-evolving extended bodies has not been formulated so far. The problem
is that such a Lagrangian should contain contributions from all mass and spin multipoles of the bodies and match
analytically with the Lagrangian of the point-like pole-dipole particles. Some ideas of how to fulfill this task have
been proposed at the Newtonian level in [47, 48]. Brumberg [24] had employed the Fokker-Infeld approach combined
together with Fock’s method [49] in order to get the post-Newtonian Lagrangian for particles endowed with dipole and
quadrupole moments defined in the global coordinates of N-body system. These multipoles are not directly measurable
and must be converted to the body-adapted local coordinates in order to get physically meaningful results [31, 49–51].
Definite progress was made in deriving the Lagrangian for particles with spin [39, 52–55] and quadrupole moments
[56–59]. However, we are not aware of any other attempt in scientific literature aimed to build the post-Newtonian
Lagrangian of an isolated gravitating system comprised of N arbitrary-structured extended bodies possessing all time-
dependent mass and spin multipole moments beyond the quadrupole order. Therefore, the present paper focuses on
solution of this problem in the first PN approximation of scalar-tensor theory of gravity.
We find out the Lagrangian by solving the inverse problem of the Lagrangian mechanics with the post-Newtonian
equations of motion of N bodies derived in our previous paper [18]. Section II is a brief introduction to the post-
Newtonian formalism of the local and global coordinate charts used for description of the dynamics of astronomical
N-body system. We also define in this section the post-Newtonian multipole moments as well as the mass and
center of mass of an extended body from N-body system. Section III explains the configuration space of N-body
problem, describes the post-Newtonian equations of motion of arbitrary structured bodies and discusses the method
of solving variational equations of the inverse problem of the Lagrangian mechanics. Section IV describes preparatory
transformations of the gravitational force from its original form given in section III to that which is required for
retrieving the Lagrangian by solving the inverse problem. Section V brings the Newtonian terms in the equations
of motion to the Lagrangian form. The post-Newtonian gravitational force is transformed to the Lagrangian form
in section VI. General formula for the Lagrangian of N-body system is derived in section VII which also compares
the Lagrangian with the results of previous researchers. Appendix A explains the virial theorems which are used
for interconnecting the external and internal dynamic variables in the configuration space of N-body system in the
process of derivation of the Lagrangian.
Mathematical symbols and notations used in the present paper are as follows:
– the small Greek letters α, β, γ, . . . denote spacetime indices of tensors and run through values 0, 1, 2, 3,
– the small Roman indices i, j, k, . . . denote spatial tensor indices and take values 1, 2, 3,
– the capital Roman letters L,K,N, S denote spatial tensor multi-indices, for example, the spatial tensor TL =
T i1i2...il , TL−1 = T i1i2...il−1 , TLN = T i1i2...ilj1j2...jn , etc.,
– the capital Roman indices A,B,C label the bodies of N-body system. Each of them takes values from the set
{1, 2, . . . ,N},
– the Einstein summation rule is applied for repeated (dummy) indices and multi-indices, for example, PαQα ≡
P0Q0 + P
1Q1 + P
2Q2 + P
3Q3, P
iQi ≡ P1Q1 + P2Q2 + P3Q3, PLQL = Pi1i2...ilQi1i2...il , etc.,
– the Kronecker symbol δij = δ
ij = δij = δ
j
i is a unit matrix in 3-dimensional space,
– the Levi-Civita symbol εijk = ε
ijk, is a fully antisymmetric tensor in 3-dimensional space with ε123 = +1,
– gαβ is a metric tensor on spacetime manifold,
– ηαβ = diag{−1,+1,+1,+1} is the Minkowski metric,
6– hαβ = gαβ − ηαβ is the metric perturbation of the Minkowski spacetime,
– wα = (u,wi) are the local coordinates adapted to body A∈ {1, 2, . . . ,N} with u being the local coordinate time.
– xα = {t, xi} are the global (single chart) coordinates covering the entire spacetime in a single chart.
– ∂i = ∂/∂x
i is a partial derivative with respect to a spatial coordinate xi,
– the multi-index partial derivatives with respect to coordinates xα are denoted as ∂L ≡ ∂i1...il = ∂i1∂i2 ...∂il ;
∂L−1 ≡ ∂i1...il−1 ; ∂pL−1 ≡ ∂pi1...il−1 , etc.,
– tensor (Greek) indices of geometric objects on spacetime manifold are raised and lowered with the full metric
gαβ,
– tensor (Greek) indices of the metric tensor perturbation hαβ are raised and lowered with the Minkowski metric
ηαβ ,
– the spatial (Roman) indices of geometric objects are raised and lowered with the Kronecker symbol δij ,
– summation over all bodies of N-body system is denoted as
∑
A
≡
N∑
A=1
, or
∑
B
≡
N∑
B=1
, etc.,
– summation over N-1 bodies of N-body system that excludes, let say, body B is denoted
∑
A6=B
,
– the factorial is l! = l(l − 1)(l − 2)...2 · 1,
– the double factorial l!! = l(l − 2)...4 · 2 if l is even, and l!! = l(l − 2)...3 · 1 if l is odd,
– the round parentheses embracing a group of tensor indices denote full symmetrization, for example, T(αβγ) =
1
3!
(Tαβγ + Tβγα + Tγαβ + Tβαγ + Tαγβ + Tγβα), etc. ,
– the square parentheses around a pair of tensor indices denote anti-symmetrization, for example, T [αβ]γ =
1
2
(
Tαβγ − T βαγ) ,etc.
– the angular brackets around spatial tensor indices denote a symmetric trace-free (STF) projection. For example,
the STF projection T<L> of tensor TL is constructed from its symmetric part SL = T(L) = T(i1i2...il) by
subtracting all the permissible traces [12, 60]
T<L> =
[l/2]∑
n=0
(−1)n
2nn!
l!
(l − 2n)!
(2l − 2n− 1)!!
(2l− 1)!! δ(i1i2...δi2n−1i2nSi2n+1...il)j1j1...jnjn , (1)
where [l/2] is the largest integer less than or equal to l/2.
– the STF spatial derivative is denoted by the angular parentheses around the STF indices, for example, ∂<L> ≡
∂<i1i2...il> or ∂<K> ≡ ∂<i1i2...ik> .
Other notations will be introduced and explained in the main text of the paper as they appear.
II. COORDINATE SYSTEMS
We consider an isolated astronomical system consisting of N extended, arbitrary-structured bodies which are bound
by attractive gravitational forces. We label the bodies with the capital letters A,B,C each of which takes values from
the set of integers {1,2,...,N}. Each body A is characterized by yet unspecified but physically-admissible distribution of
mass density ρ, internal thermodynamic energy Π and stress tensor σij . The bodies are assumed to be well-separated
in space and consist of matter occupied a finite volume with a distinctive boundary. The present paper does not
admit physical singularities of spacetime like black holes and assume that the bodies have weak self-gravity and move
sufficiently slow in space. This is the realm of the PN approximations which are applied to solve the gravity field
equations in relativistic celestial mechanics of the solar system [50, 51], binary pulsars [1] and for calculating templates
of gravitational waves emitted by inspiralling compact binaries [46, 61].
7An adequate mathematical description of dynamics of N-body system requires introduction of N+1 coordinate
systems [62–64]. The primary coordinate chart, xα = (t, xi), is global and covers the entire spacetime manifold while
a local coordinate chart is introduced in the neighborhood of world line of each body A∈ {1, 2, ...,N}. From the point
of view of the Lagrangian mechanics the global coordinates are necessary to parameterize the orbital motion of each
body A in N-body system in terms of coordinates xi
A
, velocity vi
A
= x˙i
A
and acceleration ai
A
of its center of mass
which are treated as external dynamic variables in the configuration space. The local coordinates, wα
A
= (uA, w
i
A
),
are introduced for each body A in order to describe the temporal evolution of its mass and spin multipole moments
considered as internal dynamic variables. The global and local coordinates of body A overlap in a neighborhood of
the body and can be transformed one to another [50, 51, 65] so that the local coordinates can be represented as
function of the global coordinates, wα
A
= wα
A
(t,x), and vice versa, xα = xα(uA,wA). In what follows, we shall drop
the body label A attached to the local coordinates of the body and identify wα ≡ wα
A
if there is no confusion with
the local coordinates of another body B 6=A. In all other cases, the local coordinates are tagged with the label of the
corresponding body.
The global coordinates specify the orbital motion of the center of mass of each body. The local coordinates
characterize the changes in the orientation of the body and its rotational and tidal deformations which cause temporal
changes of the multipole moments of the body as the body moves along its orbit. Conversely, the intrinsic changes
of the body’s multipole moments affect the body’s orbital motion. It is desirable to separate the body’s internal
and external degrees of freedom as much as possible. It can be achieved through a suitable construction of the local
coordinates adapted to each body and their subsequent splicing with the global coordinates by the method of matched
asymptotic expansions.
We utilize a scalar-tensor theory of gravity where the scalar field Φ and metric tensor gαβ are solutions of the
corresponding field equations of the theory – for more details see [18]. We assume that the bodies of N-body system
move slowly, and gravitational and scalar fields are weak everywhere. The field equations are solved iteratively by
the method of post-Newtonian (PN) approximations [50] with a small parameter ǫ ∼ v/c ∼ (U/c2)1/2 where v is a
characteristic velocity of matter, U is a typical value of gravitational potential, and c is the ultimate speed of gravity
which is equal to the speed of light in vacuum [66, 67]. The scalar field Φ and the metric tensor gαβ are expanded in
Taylor series around their background values with respect to the small parameter ǫ. In particular, the post-Newtonian
expansion of scalar field Φ is
Φ = Φ0 (1 + φ) + O
(
φ2
)
, (2)
where Φ0 is the background value of the scalar field and φ is a dimensionless perturbation of the field. The scalar
field is assumed to be self-interacting and the strength of the self-interaction is given by function ω(Φ). This function
is also expanded in a Taylor series with respect to the perturbation of the field,
ω(Φ) = ω0 + ω
′
0φ+ O
(
φ2
)
, (3)
where ω0 ≡ ω(Φ0) is the background value of the self-interaction, and ω′0 ≡ (dω/d lnΦ)Φ0 is its first derivative.
The metric tensor gαβ is expanded in the post-Newtonian series around the background Minkowski metric, ηαβ ,
gαβ = ηαβ + hαβ + O
(
|hαβ |2
)
, (4)
where hαβ is the perturbation of the metric tensor. The perturbations φ and hαβ are of the order of ǫ
2.
Exact form of the perturbations φ and hαβ is given below in next sections. The residual terms in (2), (4) can be
found in [13, 18, 50] but they are not required in the present paper. Specific functional form of the perturbations, φ
and hαβ , depends on the type of the coordinates introduced in spacetime of N-body system. We distinguish the global
coordinates covering the entire spacetime manifold from the local coordinates adapted to each body and covering a
close neighborhood of the body all along the world line of its center of mass.
A. The global coordinates
In the global coordinates xα = (t, xi) the post-Newtonian perturbation of the metric tensor reads
h00(t,x) = 2U(t,x) + O(4) , (5)
h0i(t,x) = −2(1 + γ)U i(t,x) + O(5) , (6)
hij(t,x) = 2γδijU(t,x) + O(4) , (7)
where
γ = 1− (ω0 + 2)−1 , (8)
8is the parameter of the scalar-tensor theory, and here and everywhere else the symbol O(n) denotes the post-Newtonian
terms of the order of ǫn. Parameter γ is formally similar but not physically-equivalent to the parameter γPPN of the
PPN formalism [68] which is introduced in the PPN metric tensor formally to characterize the curvature of space-like
hypersurface of constant time t. On the other hand, the covariant parameter γ defined in the scalar-tensor theory of
gravity by (8), is a measure of the strength of self-coupling interaction of the long-range scalar field Φ given in terms
of the background value ω0 of function ω(Φ).
The other functions appearing in (5)–(7) include scalar (Newtonian-type) and vector gravitational potentials of
N-body system,
U(t,x) =
∑
A
UA(t,x) , U
i(t,x) =
∑
A
U i
A
(t,x) , (9)
which are linear superpositions of scalar and vector gravitational potentials of each body of N-body system, and
UA(t,x) =
∫
VA
ρ∗(t,x′)
|x− x′| d
3x′ , U i
A
(t,x) =
∫
VA
ρ∗(t,x′)vi(t,x′)
|x− x′| d
3x′ . (10)
Here VA denotes the spatial volume occupied by body A, ρ
∗ ≡ √−gu0ρ is the invariant mass density [49], u0 is time
component of 4-velocity of matter uα, g = det|gαβ| is a determinant of the metric tensor, ρ is the local mass density
entering the energy-momentum tensor, and vi = dxi/dt = ui/u0 is 3-dimensional velocity of matter in the global
coordinates. The invariant mass density ρ∗ is more convenient for calculations as its product with the volume element
is invariant, ρ∗d3x = inv, with respect to coordinate transformations as well as to the Lie transport along matter
worldlines [49, 50].
Scalar field perturbation is mathematically identical to the Newtonian gravitational potential [18],
φ(t,x) = U(t,x) . (11)
Nonetheless, the reader should keep in mind that the laws of transformation of the scalar field and the metric tensor
are different. It requires to carefully distinguish transformations of the scalar potential in (9) from that in (11) which
is a part of the metric tensor component g00, as they carry out information about geometrically-different types of the
field.
Subsequent derivation requires to single out one of the bodies, let say a body A, and split the gravitational potentials
in two parts – internal and external,
U(t,x) = UA(t,x) + U¯(t,x) , U
i(t,x) = U i
A
(t,x) + U¯ i(t,x) , (12)
where UA and U
i
A
denote the internal gravitational potentials produced by body A alone,
U¯(t,x) =
∑
B6=A
UB(t,x) , U¯
i(t,x) =
∑
B 6=A
U i
B
(t,x) , (13)
denote the external gravitational potentials of all other (external) bodies of N-body system but the body A, and
UB(t,x) =
∫
VB
ρ∗(t,x′)
|x− x′| d
3x′ , U i
B
(t,x) =
∫
VB
ρ∗(t,x′)vi(t,x′)
|x− x′| d
3x′ , (14)
denote the gravitational potentials of the external body B.
We don’t impose any specific limitations either on the distribution of mass and velocities inside each body of N-body
system or on the shape of the volume of integration. They remain arbitrary to the extent admitted by the gravitational
field equations of the PN approximations. In particular, the mass density and velocity must obey the microscopic
equations of motion of matter explained in Appendix A1. The boundary of the volume integration VA of each body
A is determined in accordance with the solution of the internal problem for this body in the local coordinates – see,
for example, [69, 70].
B. The local coordinates
There are N local coordinate charts each of which is adapted to a particular body in the N-body system [50, 51]. By
default, we denote the local coordinates of body A as wα = (u,wi). If one needs to distinguish the local coordinates
9adapted to body A from those adapted to body B, we use a corresponding label, for example, wα
A
= (uA, w
i
A
) are the
local coordinates adapted to body A, wα
B
= (uB, w
i
B
are the local coordinates adapted to body B, and so on.
In the local coordinates of body A∈ {1, 2, ...,N} the metric tensor perturbation takes on the following form [18],
h00(u,w) = 2UA(u,w) + 2
∞∑
l=1
1
l!
QLw
L + O(4) , (15)
h0i(u,w) = −2(1 + γ)U iA(u,w) +
1
3
(1− γ)P˙wi + (16)
+
∞∑
l=1
l + 1
(l + 2)!
εipqCpLw
qL + 2
∞∑
l=1
2l+ 1
(2l + 3)(l + 1)!
[
2Q˙L + (γ − 1)P˙L
]
wiL + O(5) ,
hij(u,w) = 2γδijh00(u,w) + 2(γ − 1)δij
∞∑
l=1
1
l!
PLw
L + O(4) , (17)
where QL and CL are the external gravitational multipoles generated by the bodies being external to body A, PL are
the external multipoles moments of the scalar field, and UA and U
i
A
are the internal gravitational potentials generated
solely by the matter of body A. The multipoles QL and CL are also called gravitoelectric and gravitomagnetic multipoles
as they are connected with the corresponding electric-type and magnetic-type components of the curvature tensor
[71].
We did not show explicitly in the local metric (15)–(17) the residual post-Newtonian terms though the terms of the
order of O(4) in h00 are requited for calculation of the post-Newtonian equations of motion [14, 15, 18, 64, 72] and
for defining the post-Newtonian mass multipole moments of the bodies – see section II C below. These terms can be
found in [18].
The internal gravitational potentials are defined as integrals over volume VA occupied by the body,
UA(u,w) =
∫
VA
ρ∗(u,w′)
|w −w′| d
3w′ , U i
A
(u,w) =
∫
VA
ρ∗(u,w′)νi(u,w′)
|w −w′| d
3w′ , (18)
where νi = dwi/du is velocity of matter of body A with respect to the local coordinates adapted to this body.
Definitions of the internal potentials in (18) look similar to those given in (10) in the global coordinates. However,
since the local and global coordinates are interrelated by the post-Newtonian transformation, the numerical values
of the internal potentials UA(u,w), U
i
A
(u,w) coincide with the numerical values of UA(t,x), U
i
A
(t,x) only in the
Newtonian approximation – see more details about the correspondence between the gravitational potentials in [50,
§5.2.3].
The internal potentials are expanded in the multipolar series outside the body A as explained in detail in [73, 74]
UA(u,w) =
∞∑
l=0
(−1)l
l!
M
L
A
∂L
(
1
r
)
, (19)
U i
A
(u,w) =
∞∑
l=0
(−1)l
(l + 1)!
M˙iL
A
∂L
(
1
r
)
+
∞∑
l=0
(−1)l
l!(l + 2)
εipqSpL
A
∂qL
(
1
r
)
, (20)
where ML
A
are the mass multipoles, and SL
A
are the spin multipoles of body A, r = |w| is the radial distance from
the origin of the local coordinates of body A to the field point wi, and the overdot denotes the total time derivative
with respect to the local time u. The mass and spin multipoles are defined in terms of the matter variables below in
section II C.
The metric tensor perturbation hαβ(u,w) in the local coordinates is a solution of the field equations of the scalar-
tensor theory of gravity. Therefore, it must be consistent with the metric tensor perturbation hαβ(t,x) in the global
coordinates as they represent exactly the same gravitational field written down in terms of different variables. This
fact allows us to establish a transformation from the global to local coordinates of body A (and its inverse) by applying
the technique of matched asymptotic expansions [75] to the metric perturbations. This technique also allows to find
out the explicit form of the external multipoles QL, CL in terms of partial derivatives from the gravitational potentials
U¯(t,x), U¯ i(t,x) of the external (with respect to body A) bodies of N-body system [50].
In case of l ≥ 2 the gravitoelectric multipoles QL represent physically a tidal gravitational field in the neighborhood
of body A [18]
QL = ∂LU¯(xA) + O(2) , (l ≥ 2) , (21)
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where we have used multi-index notation for the STF partial derivative, ∂L ≡ ∂i1i2...il . For l = 1, the gravitoelectric
dipole moment [18]
Qi = ∂iU¯(xA)− aiA + O(2) , (22)
is the difference between the Newtonian gravity force and acceleration of the center of mass of body A, ai
A
= x¨i
A
,
where the overdot is time derivative with respect to time t. There is no monopole gravitoelectric multipole, Q ≡ 0, as
it is eliminated by re-scaling of local coordinates.
The gravitomagnetic multipoles CL are [18]
εipkCpL = 4(1 + γ)
[
v
[i
A∂
k]<L>U¯(xA) + ∂
<L>[iU¯k](xA)− l
l + 1
δ<il[i∂k]L−1> ˙¯U(xA)
]
+ O(2) , (l ≥ 1) , (23)
where we have used notation for the STF partial derivative, the overdot denotes the time derivative with respect to
time t, and the square parentheses around a pair of indices denote anti-symmetrization. The external gravitomagentic
dipole Ci has a physical meaning of the dynamic angular velocity of rotation of spatial axes of the local coordinates
[62]. We assume that the local coordinates of body A∈ {1, 2, ...,N} do not rotate dynamically, that is Ci ≡ 0. This
assumption is equivalent to the statement that the local triad of spatial axes of the local coordinates undergoes the
Fermi-Walker transport along the world line of the center of mass of body A.
The external multipoles of the scalar field Φ look similar to the gravitoelectric multipole,
PL = ∂LU¯(xA) + O(2) (l ≥ 0). (24)
However, it should be emphasized that PL = QL + O(2), if and only if, the index l ≥ 2. Monopole of the scalar field
P = U¯(xA) , (25)
defines the value of the gravitational potential of external bodies on the world line of the center of mass of body A,
and dipole of the scalar field,
Pi = ∂iU¯(xA) , (26)
formally coincides with the Newtonian gravity force computed on the world line of the center of mass of body A.
Dipoles Pi and Qi are linked one to another by equation (22) that is,
Pi = Qi + a
i
A
. (27)
Post-Newtonian corrections of the order O(2) are required only in (21) for derivation of the post-Newtonian equations
of motion. They can can be found in [14, 18] but we don’t need their explicit form in the present paper
C. The internal mass and spin multipoles of a single body
Like in general relativity, the metric tensor in scalar-tensor theory of gravity depends on two types of canonical STF
multipoles – the mass multipoles ML
A
and the spin multipoles SL
A
. However, in contrast to general relativity there are
two possible definitions of the multipoles affiliated respectively to the Einstein and Jordan frames of the scalar-tensor
theory. It turns out that the Jordan-frame multipoles define the force of gravitational interaction between massive
bodies in N-body system in the equations of motion [14, 18]. On the other hand, the principle of the effacing of
internal structure of the bodies [76] from the equations of motion suggests that it is the Einstein-frame monopole and
dipole moments which are to be used for definition of the inertial mass and the center of mass of each body. The
mass multipoles in the Jordan frame are called active multipoles and those defined in the Einstein frame are termed
conformal multipoles [50].
The active mass multipoles referred to the local coordinates of body A, read [18]
ML
A
=
∫
VA
[
σ(u,w)w<L> +
1
2(2l + 3)
∂2uσ(u,w)w
2w<L> − 2γ + 1
l+ 1
2l + 1
2l + 3
∂uσ
i(u,w)w<iL>
]
d3w , (28)
where the active post-Newtonian mass and current density distributions [14]
σ(u,w) = ρ∗(u,w)
[
1 + (γ +
1
2
)ν2(u,w) + Π(u,w)− (2β − 1)UA(u,w)
]
(29)
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+γσkk(u,w)− (2β − γ − 1)P−
∞∑
k=1
1
k!
[
QK + 2(β − 1)PK
]
wK ,
σi(u,w) = ρ∗(u,w)νi(u,w) , (30)
depend on the invariant density ρ∗, velocity νi, kinetic and potential energy density of matter as well as on trace
σkk = δikσ
ik of the stress tensor σik of matter of body A. The stress tensor and the internal structure of bodies in
N-body system are constrained by equation of state which is not required to be specified for our calculations. Thus,
the bodies can be either solid or liquid or made of some other kind of ordinary or condensed matter. Definition (28)
of the mass multipoles includes post-Newtonian terms which come from the post-Newtonian terms O(4) in the metric
(15) – see more details in [50, Chapter 4].
The active mass multipoles depend on two parameters of the scalar-tensor theory - γ and β. Parameter γ has been
explained above in (8). Parameter β is a measure of the dependence of self-interaction of the scalar field Φ on its
strength [18]
β = 1 +
1
4
ω′0(2ω0 + 3)
−1(ω0 + 2)
−2 , (31)
where ω′0 = (dω/d lnΦ)Φ=Φ0 is a derivative of the self-coupling function ω(Φ) with respect to the dimensional scalar
field perturbation φ = Φ/Φ0 − 1, where Φ0 is the background value of the scalar field [18]. In the present paper β is
formally similar to but not fully identical to the parameter βPPN of the PPN formalism [68] where it was introduced
to the metric tensor phenomenologically to parameterize the possible deviation of the strength of self-interaction of
the metric tensor perturbations from its general-relativistic value, βPPN = 1. Notice that since Φ0 depends on time
due to the expansion of universe the parameters β and γ are functions of time as well, and their secular evolution can
be measured, at least in principle, with precise astronomical techniques like pulsar timing, lunar laser ranging, etc.
[77].
The mass multipole (28) also depends on the gravitoelectric external multipoles QL and the scalar field multipoles
PL which are expressed in terms of the partial derivatives from the gravitational potential of external bodies. The
reason for inclusion these terms to the definition of the multipoles is that it fully eliminates non-canonical multipoles
(35) from equations of motion and validates the effacing principle [76]. It is also required by the law of conservation of
energy in tidal interaction Purdue [78]. Making use of equations (21), (22) and (24) we can bring the mass multipoles
(28) to the form that is more suitable for derivation of the Lagrangian of N-body problem. It reads
M
L
A
= IL
A
+ ap
A
M
pL
A
+ γU¯(xA)M
L
A
+ (1 − 2β)
∞∑
k=0
1
k!
∂KU¯(xA)I
KL
A
+
l
2l+ 1
a<il
A
N
L−1>
A
, (32)
where
IL
A
=
∫
VA
σ˜(u,w)w<L>d3w +
1
(2l + 3)
[
1
2
N¨L
A
− 2(1 + γ)2l+ 1
l + 1
R˙L
A
]
, (33)
are the Blanchet-Damour mass multipoles of body A [73] in scalar-tensor theory of gravity that are functionals of the
active mass density distribution
σ˜(u,w) = ρ∗(u,w)
[
1 + (γ +
1
2
)ν2(u,w) + Π(u,w)− (2β − 1)UA(u,w)
]
+ γσkk(u,w) , (34)
and non-canonical multipoles
N
L
A
=
∫
VA
ρ∗(u,w)|w|2w<L>d3w , (35a)
R
L
A
=
∫
VA
ρ∗νp(u,w)w<pL>d3w . (35b)
The symbol
IL
A
=
∫
VA
ρ∗(u,w)w(i1i2...il)d3w , (36)
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denotes a symmetric mass multipole of body A in the body-adapted local coordinates which is required only in the
post-Newtonian terms. It is worth noticing some useful relationships between various multipoles,
I<L>
A
= ML
A
, (37a)
Ip<L>
A
= MpL
A
+
l
2l+ 1
δp<ilNL−1>
A
, (37b)
Ikk<L>
A
= NL
A
. (37c)
The mass multipoles of body A are functions of the local coordinate time u which can be also interpreted as the proper
time of a fictitious observer placed at the origin of the local coordinates adapted to body A. It is useful to notice that
the multipoles ML
A
and IL
A
differ by terms of the post-Newtonian order of magnitude and can be used interchangeably
in the post-Newtonian terms. We prefer to use in the post-Newtonian terms the multipoles ML
A
like in (33).
It should be emphasized that the mass multipoles (32) are not simply the integrals of the internal dynamic variables
which appear in the definition of the Blanchet-Damour mass multipoles (33) and the non-canonical multipoles (35),
(36). The active mass multipoles also depend on the external dynamic variables – coordinates xi
A
of the centers of
mass of the bodies and their accelerations ai
A
. This dependence complicates derivation of the Lagrangian of N-body
problem since the partial derivatives from the mass multipoles with respect to the external variables do not vanish –
∂ML
A
/∂xi
A
6= 0 and ∂ML
A
/∂ai
A
6= 0. Hence, the variational derivative from the active mass multipoles do not vanish
either – see section VB.
The active multipoles of body B are defined similarly to those of body A. Namely, we have
M
N
B
= IN
B
+ ap
B
M
pN
B
+ γU¯(xB)M
N
B
+ (1− 2β)
∞∑
k=0
1
k!
∂KU¯(xB)I
KN
B
+
n
2n+ 1
a<in
B
N
N−1>
B
, (38)
where
IN
B
=
∫
VB
σ˜(u,w)w<N>d3w +
1
(2n+ 3)
[
1
2
N¨N
B
− 2(1 + γ)2n+ 1
n+ 1
R˙N
B
]
, (39)
are the Blanchet-Damour active mass multipoles of body B. The mass multipoles of body B are functions of the
coordinate time of the local coordinates of body B. The local coordinate time of body A does not coincide with that
of body B as the bodies move with respect to each other and are exposed to different gravitational potentials. We
shall discuss the correspondence between the local times of the bodies in section IVA.
In addition to the internal mass multipoles, ML
A
of body A, there exists a set of internal STF spin multipoles SL
A
characterizing vector potential (20) of body A [14]
SL
A
=
∫
VA
εpq<ilwil−1...i1>pσq(u,w)d3w , (40)
where εkpq is the fully antisymmetric Levi-Civita symbol. The internal spin multipoles depend on the local coordinate
time of the corresponding body. Definition (40) is sufficient for deriving the post-Newtonian translational motion of
extended bodies in N-body system. Derivation of the post-Newtonian equations of rotational motion of body requires
extension of (40) to the post-Newtonian domain. We don’t discuss it in the present paper but details can be found
in [18].
Both the mass and spin multipole moments of each body are subject to tidal and rotational deformations which
progressively change as the bodies of N-body system move in the course of time. The time evolution of multipole
moments is determined by corresponding equations of motion for these moments. We assume that these equations
of motion are known and can be solved, at least, in principle. In the present paper we will need three equations of
motion which govern the time evolution of mass monopole, mass quadrupole and spin dipole. These equations are
given in equations (A9), (A22) of Appendix A and in (70) respectively.
D. Definition of the inertial mass and the center of mass of a single body from N-body system
There are two distinctive world lines inside the world tube covered by the local coordinates adopted to body A. They
are representing a world line of the origin of the local coordinates and that of the body’s center of mass. Naturally,
the origin of the local coordinates adapted to body A has spatial coordinates wi = 0 which are identified with the
point xi
A
in the global coordinates. The center of mass of body A can move along a different world line and, as a rule,
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the correspondence between the two world lines is established by imposing an additional vector-like supplementary
condition [79].
We shall denote the local coordinates of the center of mass of body A as wi
A
. Definition of the center of mass in
the post-Newtonian approximation depends on our choice of the mass density function describing the post-Newtonian
distribution of matter inside the body. We want to find out the most optimal definition of the center of mass which
eliminates as much spurious effects in the equations of motion of the body as possible. As mentioned above, in scalar-
tensor theory of gravity there are two mass density distribution functions corresponding to the conformal (Einstein’s
frame) and active (Jordan’s frame) multipole moments. Our study [14, 17, 18] shows that in the scalar-tensor theory of
gravity the center of mass of body A is defined the most optimally if one uses the conformal mass density distribution
inside the body,
̺(u,w) = ρ∗(u,w)
[
1 +
3
2
ν2(u,w) + Π(u,w)− UA(u,w)
]
+ σkk , (41)
which depends on the invariant mass density ρ∗ =
√−gu0ρ, internal velocity of matter νi = dwi/du, its internal
energy Π, and gravitational potential UA of the body. The conformal mass density ̺ does not depend on the PPN
parameters β, γ
It is instructive to introduce a general-relativistic post-Newtonian mass of body A by formula
mA =
∫
VA
σˆ(u,w)d3w , (42)
where the general-relativistic mass density in the post-Newtonian approximation is [49, 68]
σˆ(u,w) = ρ∗(u,w)
[
1 +
1
2
ν2(u,w) + Π(u,w)− 1
2
UA(u,w)
]
. (43)
The general-relativistic mass (42) depends exclusively on the internal dynamic variables of body A and does not
depend on the external variables like coordinates and velocity of the centers of mass of bodies in N-body system. The
post-Newtonian inertial mass of body A is defined as a conformal monopole moment of the body by the following
equation [18, Eq. 164]
mA = mA [1 + (γ − 1)P]−
∞∑
l=1
l+ 1
l!
QLM
L
A
, (44)
where P = U¯(xA) is the external monopole moment of the scalar field and QL are the gravitoelectric multipole
moments (21). Notice that the inertial mass (44) depends on the external dynamic variables through P and QL.
Position of the center of mass wi
A
of body A in the local coordinates adapted to the body is defined by the conformal
dipole moment of the body [18],
J
i
A
= mAw
i
A
+ Ii
A
, (45)
where (see [18, Eq. 170])
mAw
i
A
=
∫
VA
σˆ(u,w)wid3w + (γ − 1)PmAwiA −
∞∑
l=1
l + 1
l!
QLM
iL − 1
2
∞∑
l=0
1
(2l + 3)l!
QiLN
L
A
, (46)
and a vector function Ii
A
= Ii
A
(t) characterizes an additional post-Newtonian displacement of the center of mass
with respect to the origin of the local frame of body A which can depend on time. The quantity mA in (46) is the
inertial mass of body A (44) and the STF non-canonical multipole, NL
A
, is given in (35) or (37). The displacement
vector function Ii
A
should be specified by imposing a particular supplementary condition which choice is dictated by
computational circumstances but, in principle, is arbitrary. Notice that in accordance to the computational scheme of
derivation of the equations of motion, the point on spacetime manifold having spatial global coordinate xi
A
is always
identified with the origin of the local coordinates adapted to body A (the point with wi = 0) independently of the
value of the residual displacement Ii
A
of the center of mass with respect to the origin of the local coordinates.
We postulate that at any instant of time the conformal dipole moment vanishes at the origin of the local coordinates
adapted to body A. In other words, the condition Ji
A
≡ 0 defines the point with the local coordinates wi = 0. The
center of mass of body A, wi
A
, coincides with the origin of the local coordinates, wi = 0, if the residual displacement,
Ii
A
= 0. It is evident that the condition, Ii
A
= 0, can be always fulfilled, at least, at some fixed instant of time. However,
this condition should be propagated in time as derivation of the equations of motion requires to know behavior of
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Ii
A
along the entire worldline of the origin of the local coordinates. It turns out that the condition Ii
A
(t) = 0 can
indeed be satisfied continuously. The proof was furnished in the Newtonian approximation in [63, 65] and in the
first PN approximation by Kopeikin and Vlasov [14], Damour et al. [72] in the local coordinates. Extension of this
result to the global coordinates involves more comprehensive computations which have been conducted by Racine and
Flanagan [15], Racine et al. [16] in general relativity and, independently, by Kopeikin [18] in scalar-tensor theory of
gravity. These computations yield translational post-Newtonian equations of motion of extended bodies in the global
coordinates with all multipoles taken into account and with the center of mass of each body lying at the origin of the
local coordinates. We have discovered (see discussion in section IX.A.6 of [18]) that the constrain, Ii
A
(t) = 0, may be
not the most optimal one as a sufficiently large number of terms with second time derivatives entering equations of
translational motion can be eliminated by choosing another condition, Ii
A
= −3apAMipA [18, Eq. 289]. This simplifies
the equations of motion. For the time being we leave the vector function Ii
A
unconstrained and discuss its specific
choice in section VB more explicitly. The fact of the matter is that derivation of the Lagrangian from the equations
of motion produces terms with the second time derivatives which are not reduced to the form of the Lagrangian
(variational) derivative and must be associated with the specific choice of function Ii
A
– see equation (148).
It is worthwhile to notice that the conformal dipole moment Ji
A
of body A is not equivalent to the active dipole
moment Mi
A
of the body. Thus, Mi
A
6= 0 even if Ji
A
= 0 which means that extended bodies in scalar-tensor theory of
gravity possess a non-vanishing active mass dipole moment as contrasted to general relativity [14, 80]. This is why the
lowest order of gravitational waves emitted by self-gravitating systems in scalar-tensor theory of gravity is dipole with
multipole index l = 1 [68] while in general relativity it is quadrupole with l = 2 [81]. For the reader’s convenience we
provide a formula for the active dipole moment of body A in case when the conformal moment Ji
A
= 0. This formula
is derived by making use of a vector virial theorem (A15) in the definition of the active dipole moment and reads [18,
Eq. 171]
Mi
A
= −1
2
η
∫
VA
ρ∗UAw
id3w +
1
5
(γ − 1)
(
3R˙i
A
− 1
2
N¨A
)
− 2(β − 1) (Pj − Qj)
(
Mij
A
+
1
3
δijNA
)
(47)
−1
2
η
∞∑
l=0
1
l!
(
QLM
iL
A
+
1
2l+ 3
QiLN
L
A
)
− 1
2
(γ − 1)
∞∑
l=0
2l + 1
l!
QLM
iL
A
,
where η = 4β − g − 3 is called the Nordtvedt parameter [68], Pi is the external dipole moment of the scalar field
defined in (26), the local non-geodesic acceleration Qi is defined in (22), the external gravitoelectric multipoles QL are
shown in (21) and the non-canonical dipole moments are given in (35) for l = 1. The reader can see that the active
dipole Mi
A
vanishes in general relativity if the center of mass is chosen at the origin of the local frame of body A. In
scalar-tensor theory the active dipole of a single body differs from the conformal dipole even for a single, non-spherical
and/or non-stationary body by terms entering the first line of equation (47).
Equation (47) is also useful for discussing the dipolar tidal effects in scalar-tensor theories which cause a peer
interest for their measurement may be possible in coalescing binary systems with an advanced third generation of
gravitational wave detectors [80, 82]. The tidal active dipole moment of each body in the binary is caused by the
external dipole moment Pi of the scalar field induced by its companion. Assuming that tides are stationary and
neglecting higher-order multipoles in (47) we get the tidal part of the active dipole of body A
Di
A
=
2
3
(1 − β)NAPi , (48)
where NA is the moment of inertia of body A. Expression (48) tells us that in general relativity there is no dipole
effects as the active dipole vanishes in the limit when β → 1.
Formula (48) describes one of the numerous finite-size effects in scalar-tensor theory of gravity and agrees with
the expectation that these effects are of the first post-Newtonian order of magnitude [14, 83]. In case, of black holes
and/or neutron stars the moment of inertia NA ≃ G2M2A/c4, whereMA is relativistic mass of the object. It makes clear
that for the compact relativistic objects the tidally-induced active dipole moment MA ≃ G3c−6 that affects motion
of the finite-size bodies at the third post-Newtonian approximation [14] unlike general relativity where the finite-size
tidal effects appear only in the fifth (∼ c−10) post-Newtonian order [31, 84]. We also notice that the coefficient in the
right hand side of equation (48) can be interpreted as the scalar tidal deformability parameter similar to that having
been introduced in paper by Bernard [80, Eq. 2]
λ
(s)
A =
2
3
(1 − β)NA . (49)
The scalar deformability parameter defines a dimensionless scalar tidal Love number (sTLN) k
(s)
A = (c
4/G2M2A)λ
(s)
A
which extends the concept of the TLN in general relativity where tides are caused solely by the quadrupole and higher
harmonics of tidal field [10, 11, 85]. Of course, the sTLN are absent in general relativity.
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III. POST-NEWTONIAN N-BODY PROBLEM
A. Configuration Space of Dynamic Variables
We consider post-Newtonian dynamics of N extended, arbitrary-structured bodies with a continuous distribution
of matter inside each body. The distribution of matter is fully characterized by the energy-momentum tensor Tαβ
depending on the internal dynamic variables like the density of matter, its velocity, internal energy and stress/pressure.
The internal variables of the matter’s continuum obey a set of equations of motion which govern the dynamic evolution
of the variables (see Appendix A for the case of the Newtonian approximation). The N-body system is considered in
the present paper as being completely isolated from other astrophysical systems in the universe and we assume that
the background spacetime manifold is asymptotically-flat with the Minkowski metric ηαβ at infinity
2. We postulate
that each body of N-body system is electrically neutral and does not exchange mass with the other bodies of the
system. Thus, the only force of interaction between the bodies is the force of gravity carried out by tensor and scalar
fields.
Self-consistent description of celestial dynamics of N-body system calls for N+1 coordinate charts which are used
for solving the internal and external problems of motion. A single global coordinate chart xα = (t, xi) covers the
entire spacetime manifold. It is introduced in order to characterize the relative motion of the centers of mass of the
bodies with respect to each other. The other N local coordinate charts are introduced in a neighborhood of each body
A∈ {1, 2, ...,N}. The local coordinates wα
A
= (uA, w
i
A
) adapted to the body A and are carried out along with the body.
The local coordinates are used for the description of dynamics of the internal motions of matter inside the body and
evolution of the multipole moments of the body.
The independent dynamic variables of the external problem are coordinates xi
A
, velocities vi
A
= x˙i
A
, and accelerations
ai
A
= x¨i
A
of the center of mass of body A in the global coordinates. We have included the acceleration as it explicitly
appears in the equations of motion of N-body problem possessing all multipoles [15, 16, 18]. The acceleration-
dependent Lagrangians are fairly common in relativistic mechanics. For example, in case of description of the dynamic
evolution of spin [52, 53] and in the Lagrangians of point-like particles in the post-Newtonian approximations of higher-
order [29, 30, 44, 45]. The configuration space of the external variables xi
A
has dimension 3N .
Choosing a set of the internal dynamic variables in the local coordinates of body A depends on the approach to
the solution of the internal problems. In case of an extended bodies with the most natural choice would be a set of
hydrodynamics variables like density of matter, pressure, internal energy, etc. interconnected through the equations
of state. This approach is clearly unsuitable in case of black holes which internal dynamics variables consists of a set
of the mass and spin multipole moments. The multipole moments of the extended bodies can be also used as a set of
basic dynamic variables of the internal problem of an extended body A because the multipole moments are defined
as volume integrals from the distribution of hydrodynamic variables which can be considered as a mapping from one
set of the dynamic variables to another. In any case the configuration space of the internal variables is infinite.
In this paper we use the multipole moments of the body (both mass and spin type) as the primary internal dynamic
variables. They are not supposed to change under variation of the external variables and should be defined in such a
way that make them split distinctively from the external degrees of freedom. The mass and spin multipoles ML
A
and
SL
A
which enter equations of motion of the center of mass (see section III B below), have been defined by equations (32)
and (40) respectively. The spin multipoles enters only the post-Newtonian terms of the equations of motion and its
Newtonian-like definition definition (40) is fully satisfactory and sufficient to consider it as a primary dynamic variable
in the post-Newtonian Lagrangian of translational motion. This is not true for the mass multipoleML
A
of body A enters
the Newtonian force while its definition (32) includes explicitly post-Newtonian terms depending on the coordinates
and accelerations of the centers of mass of external bodies. These external variables should be excluded so that only
the first term IL
A
in the right hand side of (32) can be considered as a primary internal dynamic variable. There are
also secondary internal dynamics variables of body A which include other characteristics of matter distribution inside
the body like the non-canonical multipole moments NL
A
and RL
A
defined in (35) as well as various integrals defining
the amount of the total internal energy of matter and/or gravitational field of the body, etc., discussed in Appendix
A. It is worth pointing out over here that the mass and spin multipoles of body A are residing on the world line of
the center of mass of the body and can be treated as purely spatial Cartesian tensors in tangent spacetime being
orthogonal to 4-velocity of the center of mass of the body. Time evolution of the multipoles is governed by the local
equations of motion of the internal dynamic variables, e.g., the equation for time derivative of spin (70) or that for
mass (A9), etc.
Dynamical behavior of N-body system can be analyzed with the help of a Lagrangian which serves as an indispens-
able tool for deriving conserved quantities that are obtained by employing the property of relativistic invariance of the
2 Relativistic celestial mechanics of N-body system on the expanding cosmological manifold is a non-trivial generalization of the
asymptotically-flat case [77, 86].
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Lagrangian with respect to local diffeomorphisms in the configuration space of dynamic variables in accordance with
Nöther’s theorem [19]. The Lagrangian of N-body problem can be formulated directly starting from the full action
of gravity theory [24, 29, 35, 36, 87, 88]. It is known as the Fokker Lagrangian since the method of its derivation has
been first formulated by Fokker [23]. Especially successful for the derivation of the Fokker Lagrangian became the
effective field theory approach applied to point-like massive particles [89, 90] and to covariant description of dynamics
of extended bodies with spin and quadrupole moments [58, 59].
The Lagrangian of N-body system can be also derived independently by solving the inverse problem of the La-
grangian mechanics which comes down to the integration of a system of partial differential equations being adjoint to
the equations of motion of N-body problem [41]. Of course, the Fokker Lagrangian and the Lagrangian of the inverse
problem are to be identical up to the terms which do not affect the dynamics of the bodies. These are the total time
derivatives and/or functions of the "double zero" [53]. Correspondence between the various presentations of one and
the same Lagrangian can be established by the method of redefinition of position variables [91] which is based on
application of contact transformations of dynamic variables in the jet prolongation of extended configuration space.
In the present paper we derive the Lagrangian by solving the inverse problem for the post-Newtonian equations of
motion of N-body system taken from [18] and given explicitly in next section.
B. Post-Newtonian Equations of Motion
Translational equations of motion for each body A∈ {1, 2, ...,N} from N-body system in the framework of a scalar-
tensor theory of gravity have the following form [18, Eq. 290]
m
A
ai
A
= FiN +F
i
pN + I¨
i
A
, (50)
where mA is the inertial (conformal) mass of body A (44), a
i
A
= d2xi
A
/dt2 = x¨i
A
is the coordinate acceleration of
the center of mass of body A, and the net gravitational force in the right hand side of (50) is split in three parts
– the Newtonian gravitational force FiN, the post-Newtonian gravitational force F
i
pN, and the post-Newtonian term
I¨i
A
depends on the post-Newtonian shift of the origin of the local coordinates of body A from its center of mass as
explained above in section IID. Vector-function Ii
A
= Ii
A
(t) is not subject to dynamical equations as it characterizes
the residual coordinate freedom in choosing position of the center of mass of the body in the local coordinates. The
original derivation of the post-Newtonian equations of motion (50) of N-body problem has been given in [18] under
condition that the center of mass of body A is located at the origin of the local frame at any instant of time which
yields Ii
A
≡ 0. Below, we demonstrate that solution of the inverse problem of the Lagrangian mechanics does not
allow to keep on this condition and requires to displace the body’s center of mass from the origin of the local frame
yielding Ii
A
6= 0.
The inertial mass mA is not constant but depends on time. This is because body A is affected by the tidal forces
from other N-1 bodies which interact with the multipole moments of body A causing post-Newtonian variation of
mass as the bodies move [14, 15, 64, 72]. Depending on the equation of state and viscosity the tidal deformation of
the body causes dissipation of the internal energy of the body that produces a secular decrease of the body’s mass.
If the dissipation of the internal energy can be neglected the mass of the body is subject merely to periodic orbital
variations. In any case, the time derivative of the body mass, m˙A 6= 0. This effect should be computed analytically
and taken into account in the subsequent derivation of the Lagrangian.
The force components are represented in the form of a linear superposition of the STF partial derivatives from
functions RAB and R
−1
AB
representing respectively the coordinate distance between bodies A and B and its inverse.
More specifically,
F
i
N =
∑
B6=A
∞∑
l=0
∞∑
n=0
(−1)n
l!n!
M
L
A
M
N
B
∂iLNR
−1
AB
(51)
F
i
pN =
∑
B6=A
∞∑
l=0
∞∑
n=0
(−1)n
l!n!
[(
αiLN + βiLN
)
∂LN +
(
αipLN + βipLN
)
∂pLN + α
ipqLN∂pqLN (52)
+
(
αLN + βLN + γLN
)
∂iLN +
(
αpLN + βpLN + γpLN
)
∂ipLN + α
pqLN∂ipqLN
]
R−1
AB
+
1
2
∑
B 6=A
∞∑
l=0
∞∑
n=0
(−1)n
l!n!
ML
A
[
M¨N
B
∂<iLN> −MNB apB∂<ipLN> +MNB vpBvqB∂<ipqLN>
]
RAB
+ 3
(
ak
A
M¨ik
A
+ 2a˙k
A
M˙ik
A
+ a¨k
A
Mik
A
)
− εikq
(
2ak
A
S˙q
A
+ a˙k
A
Sq
A
)
,
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where ML
A
= M<a1...al>
A
are the active STF multipoles of body A referred to the local frame of body A, MN
B
=
M<b1...bn>
B
are the components of the active STF multipoles of external body B referred to the local frame of body B,
Ri
AB
≡ xi
A
− xi
B
, RAB = |xA − xB| , (53)
is the coordinate distance between the centers of mass of body A and B, and repeated indices mean the Einstein
summation rule.
The mass and spin multipole moments of body A that appear in the force of gravity (51), (52), are given by
equations (32), (40) and similarly for body B. The multipoles of body A are spatial tensors defined on the world line
WA of the center of mass of the body. They are functions of the coordinate time uA of the local coordinates adapted to
body A. We use in (51), (52) the following notations: ML
A
≡ML
A
(uA), S
L
A
≡ SL
A
(uA). The multipoles of any other body
B 6= A are spatial tensors defined on the world line of the center of mass of body B and depending on the coordinate
time uB of the local coordinates adapted to the body B. We have denoted M
L
B
≡MN
B
(uB), S
N
B
≡ SL
B
(uB) in (51), (52).
Particular functional dependence of the multipoles on time is determined by solving equations of the time evolution
of the multipoles of the corresponding body.
The spatial partial derivatives from the coordinate distance are computed in accordance with definitions
∂LR
−1
AB
≡ lim
x→xA
∂LR
−1
B
, (54)
∂LRAB ≡ lim
x→xA
∂LRB , (55)
which are taken at point xA ≡ (xiA) – the center of mass of body A, and we understand that RB ≡ |x− xB|. In other
words, the partial derivatives from R−1
AB
and RAB are to be always understood as the derivatives taken with respect
to the first argument of RAB or R
−1
AB
. This convention means, for example, that the l-order partial derivative ∂LR
−1
BA
is not equal to ∂LR
−1
AB
. Indeed, applying (54) to R−1
BA
, we observe that
∂LR
−1
BA
= (−1)l∂LR−1AB , (56)
and similar equation is valid for RBA. It is also worth noticing that ∂<L>R
−1
AB
= ∂LR
−1
AB
due to the fact that function
R−1
B
is a fundamental solution of the Laplace equation, △R−1
B
= 0, everywhere but the point xi = xi
B
. At the same
time, △RB 6= 0 and, hence, ∂<L>RAB 6= ∂LRAB. Exact correspondence between ∂<L>RAB and ∂LRAB is given in [18,
Eq. (268)]
The coefficients of the post-Newtonian force (52) are given below exactly as they appear in [18, Eqs. (302)–(313)]
with some typos corrected in Eqs. (304), (306), (309) and (310). We have
αiLN =
[
vi
A
− 2(1 + γ)vi
AB
]
ML
A
M˙N
B
+
[
2(1 + γ)
n+ 1
− 1
2l + 2n+ 3
]
ML
A
M¨iN
B
(57)
+2(1 + γ)
[
1
n+ 1
M˙L
A
M˙iN
B
− M˙L
A
MN
B
vi
AB
]
− 2l
2 + 3l + 3 + 2γ
l + 1
M˙iL
A
M˙N
B
− 1
2l+ 3
[
(l + 2)(2l+ 1) +
2n
2l + 2n+ 3
]
MiL
A
M¨N
B
− l
2 + l + 2 + 2γ
l + 1
M¨iL
A
MN
B
,
αipLN =
[
2
2l + 2n+ 5
vi
B
vp
B
− 2(1 + γ)vi
AB
vp
AB
− vi
A
vp
B
]
ML
A
MN
B
+
2(1 + γ)
n+ 1
ML
A
M˙iN
B
vp
AB
(58)
+2
[
(l + 2)(2l + 1)
2l + 3
vp
B
− (l + 1)vp
A
]
MiL
A
M˙N
B
− 2l
2 + 3l + 3 + 2γ
l + 1
M˙iL
A
MN
B
vp
AB
+
2(1 + γ)
n+ 2
εipq
(
M
L
A
S˙
qN
B
+ M˙L
A
S
qN
B
)
+
2(1 + γ)
l+ 2
εipq
(
S˙
qL
A
M
N
B
+ SqL
A
M˙
N
B
)
,
αipqLN =
1
2l + 2n+ 7
(
MiL
A
MN
B
−ML
A
MiN
B
)
vp
B
vq
B
− (l + 1)MiL
A
MN
B
vp
AB
vq
AB
(59)
+
2(1 + γ)
l+ 2
εipkSkL
A
MN
B
vq
AB
+
2(1 + γ)
n+ 2
εipkML
A
SkN
B
vq
AB
,
αLN =
[
(1 + γ)v2
AB
− 1
2
2l+ 2n+ 3
2l+ 2n+ 5
v2
B
− v2
A
]
ML
A
MN
B
+MkL
A
M˙N
B
vk
A
− 2(1 + γ)
n+ 1
ML
A
M˙kN
B
vk
AB
(60)
− 1
2l+ 2n+ 5
MkL
A
M¨kN
B
+
2(1 + γ)
l + 1
(
M˙kL
A
MN
B
vk
AB
− 1
n+ 1
M˙kL
A
M˙kN
B
)
,
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αpLN =
1
2
2l+ 2n+ 3
2l+ 2n+ 7
ML
A
MkN
B
vp
B
vk
B
+
2(1 + γ)
n+ 2
εpkqM
L
A
SqN
B
vk
AB
(61)
+
(
vk
A
vp
AB
− 1
2
vk
A
vp
A
+
2
2l + 2n+ 7
vp
B
vk
B
)
M
kL
A
M
N
B
+
2(1 + γ)
(l + 1)(n+ 2)
εpkqM˙
kL
A
SqN
B
− 2(1 + γ)
l + 2
εpkqS
kL
A
(
MN
B
vq
AB
− 1
n+ 1
M˙qN
B
)
,
αpqLN = − 1
2l+ 2n+ 9
MkL
A
MkN
B
vp
B
vq
B
− 2(1 + γ)
(n+ 2)(l + 2)
SpL
A
SqN
B
, (62)
βiLN =
[(
2 + 2γ − 1
2l + 2n+ 3
)
ai
B
−
(
l + 2 + 2γ
)
ai
A
]
M
L
A
M
N
B
, (63)
βipLN =
[(
l + 1− 1
2l+ 2n+ 5
)
ap
B
− lap
A
]
MiL
A
MN
B
+
1
2l+ 2n+ 5
ap
B
ML
A
MiN
B
, (64)
βLN = −(l + 1)MkL
A
MN
B
ak
A
− (n+ 1)ML
A
MkN
B
ak
B
− 1
2l+ 2n+ 5
(
MkL
A
MN
B
−ML
A
MkN
B
)
ak
B
, (65)
βpLN =
1
2l + 2n+ 7
M
kL
A
M
kN
B
ap
B
, (66)
γLN = −γ
[
lU¯(xA) + (n+ 1)U¯(xB)
]
ML
A
MN
B
, (67)
γpLN = F kp
A
M
kL
A
M
N
B
− F kp
B
M
L
A
M
kN
B
. (68)
The PN coefficients (57)–(68) depend on the active mass and spin multipoles of the bodies of N-body system and
their time derivatives taken in the local frame adapted to the corresponding body. They also depend on velocities of
the centers of mass of the bodies and their accelerations defined with respect to the global coordinates. Coefficient
(68) describes dependence of the force on the matrix F ijA of relativistic precession which obeys an ordinary differential
equation [18, Eq. (151)]
F˙ ij
A
= 2(1 + γ)∂[iU¯ j](xA) + (1 + 2γ)v
[i
A∂
j]
U¯(xA) + v
[i
AQ
j]
. (69)
The matrix of the relativistic precession consists of the contribution of the Lense-Thirring, de Sitter and Thomas
precessions which correspond to the first, second and third terms in the right hand side of (69) respectively.
The mass and spin multipoles of each body appearing in the equations of motion (50)–(52) describe the internal
degrees of freedom of motion of matter of the corresponding body. They are treated in the equations of motion as
purely spatial tensors residing in the tangent spacetime manifold being orthogonal to the world line of the origin of
the local coordinates adapted to the body. The time dependence of the multipoles is not constrained by the condition
of rigid rotation. We assume the most general case that the multipoles evolves over time in accordance with their own
equations of motion derived from the microscopic equations of motion of matter inside the corresponding body. In
the present paper we need three equations of motion of the multipoles in the Newtonian approximation. One of them
is the equation of time evolution of the mass quadrupole moment which is derived in Appendix A. Second equation
is the equation of evolution of the spin dipole of body A. It reads [18, 72, 92]
S˙i
A
= εipq
∑
B 6=A
∞∑
l=0
∞∑
n=0
1
l!n!
MpL
A
MN
B
∂qLNR
−1
AB
, (70)
where εipq is fully-antisymmetric symbol of Levi-Civita. The third equation is the equation of time evolution of the
inertial mass (136).
Post-Newtonian equations of motion (50)–(52) of N-body problem with all multipoles taken into account represent
a system of ordinary differential equations of the forth order. Indeed, the reader can observe that the last line in
equation (52) explicitly contains the first and second time derivatives of the acceleration of the center of mass of
body A coupled with the spin-dipole and mass quadrupole of body A. This fact has been noticed by Damour et al.
[72]. Equation of motion depending on the higher-order time derivatives of the center of mass of moving bodies may
lead to the appearance of spurious, self-accelerating solutions [93] which make no physical sense. A standard way to
eliminate the self-accelerated modes is to replace the terms with higher-order time derivatives with the equations of
motion of lower approximations which reduces the order of the time derivatives [81, 94]. This procedure is applied for
calculating the gravitational force in inspiralling compact binaries in the second, third and forth PN approximations
[33, 38, 61, 95, 96] where the terms with the higher order time derivatives appear due to the finite speed of gravity
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and retardation effects [31, 44, 45, 94]. It should be noticed, however, that the nature of the terms depending on
the higher-order time derivatives in the post-Newtonian force (52) is not associated with the retardation of gravity
but rather with the accelerated motion of the center of mass of body A and non-linear (quadratic) dependence of the
transformations between global and local coordinates adapted to the body, on spatial coordinates.
Finally, we notice that the post-Newtonian equations of translational motion derived by Racine and Flanagan
[15], Racine et al. [16] in general relativity are in complete agreement 3 with our equations (50)–(70) in the limiting
case of β = γ = 1. We draw attention of the reader to the fact that it is important to know the dependence of
body’s multipoles on the external variables for derivation of the Lagrangian of N-body problem. Therefore, we have
computed the multipole moments as functions of the internal and external variables and shown their explicit form in
section II C of the present paper. This part of the computation is omitted in the paper by Racine and Flanagan [15].
C. Lagrangian and Variational Derivative
The central task of the present paper is to solve the inverse problem of the Lagrangian mechanics [41–43] that is to
find out the Lagrangian L corresponding to the translational equations of motion (50)–(52) with the PN coefficients
given in (57)–(68). The post-Newtonian Lagrangian L of translational motion of N-body system with arbitrary
structured bodies possessing the mass and spin multipoles depends on the external dynamic variables which are
coordinates and velocities of the centers of mass of the bodies. It can also depend on accelerations of the bodies as
was shown in case of pole-dipole particles with spin by Damour [52], Barker and O’Connell [53], Barker and O’Connell
[54] (see also [97, 98]). The Lagrangian of point-like massive particles depends on accelerations of the bodies non-
linearly starting from the second PN approximations [30, 44, 45]. We have observed that the post-Newtonian force
(52) depends on the forth order time derivatives of the accelerations. Hence, it suggests that the post-Newtonian
Lagrangian of N bodies having quadrupole and higher-order multipole moments should depend on accelerations as
well.
We consider the principle of the least action for the external problem of motion of N bodies in the configuration space
of 3N external dynamic variables which are the global coordinates xi
A
≡ xi
A
(t), velocity vi
A
≡ vi
A
(t) and acceleration
ai
A
≡ ai
A
(t) of the center of mass of body A∈ {1, 2, ...,N}. The internal dynamic variable is any integral quantity
taken over volume of body A from the interior distribution of mass density, velocity, etc. Such integrals do not
depend explicitly on the external variables. The internal dynamic variables are identified with the Blanchet-Damour
mass multipoles (33), the non-canonical multipoles (35), the spin multipoles (40) and a number of other integrals
characterizing the internal structure of bodies like those entering the virial theorems – see appendix A.
The primary internal dynamic variables of N-body system are the mass and spin multipoles – IL
A
and SL
A
. We notice
that the multipole IL
A
makes up the basic (Newtonian) part of the mass multipole moment ML
A
of body A given in (32)
which tells us that ML
A
is a composite function of both internal and external variables. Nonetheless, ML
A
is convenient
for more economic formulation of the equations of motion (50)–(52). Definition (40) of spin multipoles SL
A
is sufficient
in description of translational equations of motion in the post-Newtonian approximation and does not depend on the
external variables explicitly.
The internal dynamic variables are related to the external dynamic variables through the differential equations
of motion of the internal problem. These equations are required for finding the Lagrangian of translational motion
of N-body system. In this paper we need the Newtonian equations of motion for the mass-monopole, spin-dipole
and mass-quadrupole of body A. The equations of motion for mass-monopole and mass-quadrupole are derived in
Appendix A. The equation for spin-dipole is given in (70). These equations are employed in section VID for derivation
of the Lagrangian of translational motion.
We denote the Lagrangian of the external problem as L ≡ Lext. We postulate that in the global coordinates the
Lagrangian is given by a scalar function L ≡ L(xA, vA, aA;QA, Q˙A,ΛA), where xA, vA, aA are coordinates, velocity and
acceleration of the center of mass of the bodies, QA = {MLA , SLA } denotes a set of the internal dynamic variables which
are the mass ML
A
and spin SL
A
multipoles, and ΛA is a set of the internal integral variables like those entering the
virial theorems explained in appendix A. We denote the components of the multipoles in the global coordinates asML
A
and SL
A
to distinguish from their components ML
A
and SL
A
computed in the local frame of body A. Both external and
internal dynamic variables are functions of global coordinate time t but the internal variables enter the Lagrangian of
the external problem as time-dependent parameters. Equations of motion for the internal variables are derived not
from L ≡ Lext but the Lagrangian of the internal problem Lint which we don’t discuss in the present paper.
3 For complete comparison see [18, Appendix B]
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Translational motion of bodies of N-body system is determined by the action
S =
t1∫
t0
L
(
xA, vA, aA;QA, Q˙A,ΛA
)
dt . (71)
Variation of the action leads to the variation of the Lagrangian
δS =
t1∫
t0
δLdt =
t1∫
t0
δL
δxi
A
δxi
A
dt; , (72)
where the variation of coordinates, δxi
A
= x′i
A
(t)− xi
A
(t), is taken on a hypersurface of constant coordinate time t, and
δL
δxi
A
≡ − ∂L
∂xi
A
+
d
dt
∂L
∂vi
A
− d
2
dt2
∂L
∂ai
A
, (73)
demotes δ-variational derivative of the Lagrangian in the extended configuration space of the external dynamic vari-
ables, [19, 30] taken under condition that all partial derivatives are computed with keeping the internal variables
{QA, Q˙A,ΛA} constant. The least action principle states that the corresponding variation of the action (71) vanishes
on-shell, δS = 0, that yields the Euler-Lagrange equations of motion of the centers of mass of bodies in terms of the
variational derivatives,
δL
δxi
A
= 0 . (74)
The δ-variational derivative represents a covariant variational derivative expressed in a single global coordinate chart.
The internal dynamic variables QA, Q˙A,ΛA in this representation are expressed in the same coordinates as the external
dynamic variables. It is the δ-variational derivative which is used in covariant calculations of equations of motion in
the effective field theories [59, 89, 99].
Nonetheless, physically measurable are the components of multipoles expressed in the local frame adapted to each
body and these, locally-frame multipoles appear in translational equations of motion (50)–(52) of extended bodies in
the global coordinates. Therefore, it is conceivable to look for the Lagrangian of the external problem considered as
a scalar function L ≡ L(xA, vA, aA; qA, q˙A, λA) with the internal dynamic variables qA = {MLA , SLA} and λA computed
in the local frame of body A. To make the Lagrangians L and L consistent, the variables {qA, λA} must be related
to {QA,Λ} by the frame and/or gauge transformations of the internal variables, let say qA = qA (xA, vA, QA) and
λA = λA (xA, vA,ΛA) – see sections IVA and VIIB for specific details. It is clear that the concept of the variational
derivative must be modified to accommodate the new set of variables.
Let us introduce a new symbol d for the variation of the action S and corresponding dynamic variables which
respects the variables qA, λA defined in the local frame of body A,
dS =
t1∫
t0
dL
(
xA, vA, aA; qA, q˙A, λA
)
dt =
t1∫
t0
dL
dxi
A
dxi
A
dt . (75)
The d-variation of the external variables in (75) is now performed with keeping constant values of the internal variables
{qA, q˙A, λA}. The d-variational derivative is defined by formula
dL
dxi
A
≡ − ∂L
∂xi
A
+
d
dt
∂L
∂vi
A
− d
2
dt2
∂L
∂ai
A
= 0 , (76)
where, by the new convention, the partial derivatives from the Lagrangian L are computed under the condition that
the internal variables {qA, q˙A, λA} in the Lagrangian L are kept constant. The least action principle, dS = 0, applied
to the Lagrangian L yields translational equations of motion
dL
dxi
A
= 0 , (77)
which should be equivalent to the equations of motion (74) after accounting for the law of transformation of the
internal variables.
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D. The inverse problem of the Lagrangian mechanics
The primary goal of the present paper is to find a Lagrangian such that its variational derivative would be equal
to the equations of motion (50). Two possible approaches are conceivable based on two types of the Lagrangians and
the internal dynamic variables explained in the previous section. We have
δL
δxi
A
= m
A
ai
A
−FiN −FipN − I¨iA , (78)
or
dL
dxi
A
= m
A
ai
A
−FiN −FipN − I¨iA , (79)
The problem of derivation of the Lagrangian by solving either (78) for L of (79) for L is known as the inverse
problem of the Lagrangian mechanics. It has been thoroughly analyzed by a number of previous researchers and the
most notable results are summarized in [41–43]. A general method developed for solving the inverse problem of the
Lagrangian mechanics relies upon mapping of equations of motion to an adjoint system of partial differential equations
for a scalar function associated with the Lagrangian if solution of the adjoint system exists. Finding solution of the
adjoint system is not an easy problem of the theory of differential equations in partial derivatives and will not be
implemented in the present paper due to the complexity of post-Newtonian equations of motion with all multipoles.
In fact, there is no need to solve equations (78) or (79) separately as they suggest that the two variational derivatives
must be equal,
δL
δxi
A
=
dL
dxi
A
. (80)
which means that the Lagrangians L and L are to be interrelated by some transformation which can be found
by solving (80). Assuming that the transformation between the internal variables is of the post-Newtonian order
qA = QA+fA(xA, vA, QA) and the dependence of the Lagrangians on q˙A and λA variables is only at the post-Newtonian
terms, equation (80) is reduced to
δ
δxi
A
(
L− L
)
=
∂L
∂QA
∂fA
∂xi
A
− d
dt
[
∂L
∂QA
∂fA
∂vi
A
]
, (81)
which suggests that L can be obtained from L by doing some transformation of the internal variables which is not
obvious in the most general case of the bodies depending on all multipoles. In what follows, we shall focus on solving
equation (78) and finding the Lagrangian L. Its counterpart, the Lagrangian L, which is a solution of (79) will be
found in section VIIB by applying a series of transformations of the internal variables and the virial theorems from
appendix A which is equivalent to solving equation (81). The reason for this approach to the problem is simply due
to the fact that we could solve the inverse problem by integrating (78) and to find the Lagrangian L while solution of
the inverse problem by integrating (79) turned out to be less obvious to tackle.
The procedure that shall be used in the present paper to find out the Lagrangian L is based on the observation
that the right hand side of (78) is represented in the form of the differential operator from coordinates of the center
of mass of the bodies and depend on velocities and accelerations algebraically. The Lagrangian must have a similar
algebraic-differential structure and can be found by a series of transformations bringing the terms with the second time
derivatives of the multipole moments and accelerations of the bodies in the post-Newtonian force (52), to the form
of the variational derivative (73) accompanied with additional terms preserving the identity of the transformation.
Some of the additional terms are, then, canceled out with similar terms in the post-Newtonian force. Repeating this
procedure several times reveals that all terms in the right hand side of (78) are unambiguously reduced to the form of
the variational derivative (73) taken from a linear combination of scalar functions which, thus, represents the major
part of the Lagrangian that we are looking for. Nonetheless, there remain a few troublesome terms in the right hand
side of (78) which cannot be directly reduced to the variational derivative by applying the above procedure. These
terms are associated with the implicit coupling of the internal and external degrees of freedom, and their reduction to
the variational derivative requires utilization of the equations of motion of the internal problem for spin-dipole and
mass-quadrupole moments. These equations map the troublesome terms in the translational equations of motion to a
number of the integrals and their time derivatives which are the intrinsic variables. Rather remarkably, these intrinsic
variables couple to the velocity of body A in such a way that they can be reduced to the variational derivative. It
completes derivation of the Lagrangian.
It should be clarified that solution of the inverse problem of the Lagrangian mechanics is not unique. Indeed, the δ-
variational derivative (73) taken from a total time derivative of an arbitrary function F (t, xA, vA;QA, Q˙A,ΛA) depending
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on coordinates and velocities of the bodies vanishes identically. Therefore, the LagrangianL = L(t, xA, vA, aA;QA, Q˙A,ΛA)
and
L˜
(
t, xA, vA, aA;QA, Q˙A
)
= L
(
t, xA, vA, aA;QA, Q˙A,ΛA
)
+
d
dt
F
(
t, xA, vA;QA, Q˙A,ΛA
)
, (82)
are equivalent in the sense that they yield identical equations of motion. However, it may be necessary to take into
account that adding a total time derivative to the Lagrangian must be accompanied with a corresponding change
of the initial and/or boundary conditions for the N-body system. Naturally, the total time derivative added to the
Lagrangian also contributes to the laws of conservation of N-body system [19]. We shall discuss these subtleties
somewhere else.
Besides the Lagrangian transformations mentioned above, there are three auxiliary transformations which we have
to perform before looking for the solution of the inverse problem. First, equations of motion (50)–(52) have been
derived and are given in terms of the STF partial derivatives taken from the coordinate distance RAB = |xA − xB|
between each couple of bodies in N-body system. However, the variational derivative (73) has a free spatial index
which is clearly split from the STF projection. It points out that we are to convert all STF partial derivatives to a
symmetric form to peel off the index of the variational derivative. Second, the procedure of the matched asymptotic
expansions used for derivation of the translational equations of motion makes the multipole moment of each body
B 6= A of N-body system a function of the local coordinate time uB which is simultaneous with the time argument
uA of multipoles of body A. However, the least action principle applied to the action (71) suggests that the variation
of the positions of the centers of mass of all bodies are taken on the hypersurface of constant time t of the global
coordinates. It means that all multipole moments in the equations of motion (50)–(52) should be transported to the
hypersurface of constant time t before solving the inverse problem. Third, the components of multipole moments,
MLA and S
L
A
, entering the equations of motion (50)–(52) refer to the local coordinates adapted to body A. Similarly,
the components of multipole moments, MLB and S
L
B
, refer to the local coordinates adapted to body B. However, the
coordinates of the center of mass of the bodies, their velocities and accelerations refer to the global coordinates.
We are working with the variational principle in the form of equation (72) which assumes that components of the
multipoles MLA and S
L
A
expressed in the global frame do not change under variation of the external dynamic variables.
Therefore, the variational derivative (73) taken from the components of the multipole moments MLA and S
L
A
expressed
in the local coordinates does not vanish as the local coordinates relates to the global ones by means of relativistic
transformation which depends on the external variables. To eliminate this coordinate effect in our computation, we
convert the components of multipole moments from the local to global coordinates. Next section discusses details of
these three transformations.
IV. PREPARATORY TRANSFORMATIONS OF GRAVITATIONAL FORCE
A. Frame conversion of multipoles
Gravitational force in the right hand side of equations of motion (50) is a function of body’s internal multipoles
which are considered as tensors in the tangent spacetime attached at each instant of time to the center of mass of
the body [71, 100, 101]. We introduce two reference frames in the tangent spacetime corresponding to the local and
global coordinates. The local frame (L-frame) consists of four coordinate basis vectors eα being tangent to the axes
of the local coordinates adapted to the body and passing through the center of mass of the body: eα = [∂/∂w
α]wi=0.
Notice that vectors of the coordinate basis are not normalized. By construction, the timelike vector e0 of the local
frame defines direction of the four-velocity of the body’s center of mass. Three other vectors ei of the L-frame are
spatial and orthogonal to each other as well as to e0. The global frame (G-frame) consists of four coordinate basis
vectors Eα being tangent to the axes of the global coordinates passing at each instant of time through the center
of mass of the body: Eα = [∂/∂x
α]xi=xi
A
. The coordinate basis vectors Eα are neither mutually orthogonal in the
tangent spacetime nor they are unit vectors.
Transformation between the basis vectors on a tangent manifold affiliated with body A∈ {1, 2, ...,N} reads
Eα = Λ
β
αeβ , (83)
where the components of the matrix of transformation Λαβ are given by the law of transformation of the coordinate
bases of the local and global coordinates taken at the origin of the local coordinates [18, Eqs. 480–483].
Λ00 = 1 +
1
2
v2
A
− U¯(xA) + O(4) , (84)
Λ0i = −viA(1 +
1
2
v2
A
) + 2(1 + γ)U¯ i(xA)− (1 + 2γ)viAU¯(xA) + O(5) , (85)
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Λi0 = −viA
[
1 +
1
2
v2
A
+ γU¯(xA)
]
− F ij
A
vj
A
+ O(5) , (86)
Λij = δ
ij
[
1 + γU¯(xA)
]
+
1
2
vi
A
vj
A
+ F ij
A
+ O(4) , (87)
and F ijA is the skew-symmetric matrix of relativistic precession of the spatial axes of the L-frame with respect to the
G-frame defined by solution of equation (69).
We have used calligraphic letters to denote four-dimensional tensor components of the mass, Mα1...αl
A
, and spin,
Sα1...αl
A
, multipoles of body A in the L-frame. Components of the same tensors taken with respect to the G-frame
will be denoted with roman letters, Mα1...αl
A
and Sα1...αl
A
, respectively 4. From the point of view of the Lagrangian
formalism in the configuration space of N-body system, the multipole moments of body A are the internal dynamic
variables whose variation is independent of the variation of the external dynamic variable – the global coordinates xi
A
of the center of mass of body A. We consider the variation of the coordinates of the center of mass of body A on the
hypersurface of constant coordinate time t of the global coordinates. It does not change the basis vectors of G-frame
of body A. Therefore, the Lagrangian variation of the G-frame components Mα1...αl
A
and Sα1...αl
A
of the multipoles is
nil. On the other hand, transformation (83) demonstrates that the variation of the basis vectors of the L-frame will
not vanish because the components of the matrix Λβα depend on the coordinates and velocity of the center of mass of
body A. Therefore, the L-frame components of multipoles ML
A
and SL
A
are functions of the external variables through
the components of the matrix of transformation Λβα. It means that the variational derivative from the L-frame
components of the multipoles Mα1...αlA and Sα1...αlA do not vanish and must be computed explicitly. For this purpose
it is convenient to transform the L-frame components of multipoles to the G-frame to make the dependence of the
L-frame components on the external variables explicit.
To this end, we recollect that, by definition, the multipoles of body A are tensors which have only spatial components
in the L-frame of the body. It means that the multipoles of body A are orthogonal to four-velocity of the world line
of its center of mass. We denote the four-velocity as Uα in the L-frame, and as Uα in the G-frame. The condition of
orthogonality of the multipole moments of body A to the four-velocity of its center of mass reads,
UβM
α1...αl−1β
A = UβM
α1...αl−1β
A ≡ 0 , UβSα1...αl−1βA = UβSα1...αl−1βA ≡ 0 . (88)
In the L-frame of body A we have, U0 = 1 and Ui = 0, so that the condition (88) agrees with the condition that in
the L-frame multipoles have only the spatial components ML
A
and SL
A
. This property does not hold in the G-frame
that is the time-like components of M
α1...αl−1β
A and S
α1...αl−1β
A do not vanish. However, all time components of the
G-frame multipoles like M0i1..il , etc., can be expressed solely in terms of their spatial components by making use of
(88).
The components of the multipoles in the L-frame are defined by volume integrals (28), (40), where the local
coordinates wα = (u,wi) should be treated as the affine coordinates of the L-frame. The affine coordinates of the
G-frame in the tangent manifold are denoted as Xα = (T,X i) where T coincide with the global coordinate time,
T = t, and X i = xi − xi
A
(t). Transformation between the affine coordinates of the tangent spacetime is equivalent to
the transformation of 1-forms on the tangent manifold which is inverse to the transformation (83) of the basis vectors
of the two frames,
wα = ΛαβX
β . (89)
The frame transformation of the mass multipoles of body A should be performed with the post-Newtonian accuracy
as the mass multipoles enter the Newtonian force in equations of motion (50)–(52). At the same time, the spin
multipoles enter only the post-Newtonian force (52) and their frame transformation is sufficient with the Newtonian
accuracy. Thus, for the spin multipoles we simply have
SL
A
= SL
A
, SN
B
= SN
B
. (90)
The L-frame tensor components, ML
A
, of the mass multipoles are transformed to the G-frame components, ML
A
,
with the help of the coordinate transformation (89). It yields
M
i1...il
A
= Λi1α1 ...Λ
il
αlM
α1...αl
A
= lΛi1j1 ...Λ
il−1
j1−1Λ
il
0M
j1...jl−10
A + Λ
i1
j1 ...Λ
il
jlM
j1...jl
A
+ O(4) . (91)
This transformation includes the time component, M
α1...αl−10
A , of the mass multipole in the G-frame but it can be
found from the condition (88) of orthogonality of the multipoles to the four-velocity of body A,
UαM
α1...αl−1α
A ≡ U0Mα1...αl−10A + UjMα1...αl−1jA = 0 . (92)
4 Of course, the tensor indices of the components M
α1...αl
A , S
α1...αl
A and M
α1...αl
A , S
α1...αl
A belong correspondingly to the L and G frames.
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Four-velocity of body A in the G-frame is given in the Newtonian approximation by U0 = −1 and Ui = viA. Substituting
this to (92) yields
M
j1...jl−10
A = v
p
A
M
j1...jl−1p
A , (93)
that allows us to compute all time components of the multipoles in the G-frame from the corresponding spatial
components of the multipole. Hence, the frame transformation (91) of the mass multipole components of body A can
be written down solely in terms of the spatial components,
ML
A
= ML
A
− l
2
vk
A
v<il
A
ML−1>k
A
− lF k<il
A
ML−1>k
A
+ lγU¯(xA)M
L
A
− l(l− 1)
2(2l − 1)v
<il
A
v
il−1
A ℵL−2>A , (94)
and similarly for body B,
MN
B
= MN
B
− n
2
vk
B
v<in
B
MN−1>k
B
− nF k<in
B
MN−1>k
B
+ nγU¯(xB)M
N
B
− n(n− 1)
2(2n− 1)v
<in
B
v
in−1
B ℵN−2>B , (95)
where the G-frame multipoles ML
A
, MN
B
are explained below in (97), (101), and
ℵL
A
=
∫
VA
ρ∗(TA,X)|X|2XLd3X , ℵNB =
∫
VB
ρ∗(TB,X)|X|2XNd3X , (96)
are the G-frame components of the non-canonical multipoles defined earlier in the L-frames of the corresponding
bodies as NL
A
and NN
B
. Time TA in the G-frame of body A corresponds to the coordinate time uA in the L-frame of
this body in accordance with (89).
The active mass multipoles ML
A
of body A take in the G-frame on the following form
ML
A
= ML
A
+ ap
A
MpL
A
+ γU¯(xA)M
L
A
+ (1− 2β)
∞∑
k=0
1
k!
∂K U¯(xA)ג
KL
A
+∆ML
A
+
l
2l + 1
a<ilℵL−1>
A
, (97)
where the Blanchet-Damour mass multipoles
ML
A
=
∫
VA
σ˜(TA,X)X
<L>d3X +
1
(2l + 3)
[
1
2
ℵ¨L
A
− 2(1 + γ)2l + 1
l + 1
ℜ˙L
A
]
, (98)
and
ℜL
A
=
∫
VA
ρ∗(TA,X)ν
p(TA,X)X
<pL>d3X , (99)
are the non-canonical multipoles computed in the G-frame, and the density σ˜(TA,X) is exactly the same as defined
above in (34) after replacing coordinates u→ TA, w →X. Integration in (98), (99) is performed over the hyperplane
of constant time TA of body A with making use of the post-Newtonian law of transformation the invariant mass
density ρ∗ = ρ
√−gu0 (see, e.g., [68, Eq.4.81])
ρ∗(T,X)d3X = ρ∗(u,w)d3w . (100)
Similar expression defines the active mass multipoles of body B
MN
B
= MN
B
+ ap
B
MpN
B
+ γU¯(xB)M
N
B
+ (1− 2β)
∞∑
k=0
1
k!
∂KU¯(xB)ג
KN
B
+∆MN
B
+
n
2n+ 1
a<inℵN−1>
B
, (101)
where
MN
B
=
∫
VB
σ˜(TB,X)X
<N>d3X +
1
(2n+ 3)
[
1
2
ℵ¨N
B
− 2(1 + γ)2n+ 1
n+ 1
ℜ˙N
B
]
, (102)
and
ℜN
B
=
∫
VB
ρ∗(TB,X)ν
p(TB,X)X
<pN>d3X . (103)
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Integration in (102), (103) is performed over the hyperplane of a constant time TB of body B. Time TB in the G-frame
of body B corresponds to the coordinate time uB in the L-frame of body B in accordance with (89). Correspondence
between the times TA and TB will be explained in the next section IVB.
Post-Newtonian frame transformations (94) and (95) do not affect the multipoles in the post-Newtonian force (52)
but bring about additional post-Newtonian corrections to the Newtonian force (51) which now takes on the following
form,
F
i
N =
∑
B 6=A
∞∑
l=0
∞∑
n=0
(−1)n
l!n!
ML
A
(TA)M
N
B
(TB)∂iLNR
−1
AB
(104)
−1
2
∑
B 6=A
∞∑
l=0
∞∑
n=0
(−1)n
l!n!
(
vk
A
vp
A
MkL
A
MN
B
− vk
B
vp
B
ML
A
MkN
B
)
∂ipLNR
−1
AB
−1
2
∑
B 6=A
∞∑
l=0
∞∑
n=0
(−1)n
l!n!
(
vk
A
vpAℵLAMNB
2l+ 3
+
vk
B
vpBM
L
A
ℵN
B
2n+ 3
)
∂ikpLNR
−1
AB
−
∑
B6=A
∞∑
l=0
∞∑
n=0
(−1)n
l!n!
(
F kp
A
MkL
A
MN
B
− F kp
B
ML
A
MkN
B
)
∂ipLNR
−1
AB
+γ
∑
B 6=A
∞∑
l=0
∞∑
n=0
(−1)n
l!n!
[
lU¯(xA)M
L
A
MN
B
+ nU¯(xB)M
L
A
MN
B
]
∂iLNR
−1
AB
,
where we have explicitly shown the time dependence of the mass multipoles in the first, purely Newtonian term in the
right hand side of (104). Times uA and uB are simultaneous in the L-frame of body B but they are not simultaneous in
the G-frame of this body [18]. Since times TA and TB are related to the local times uA and uB by linear transformation
(89) the times TA and TB are not simultaneous either. We consider the time TA as a reference time for all bodies
of N-body system and take TA = t. The time delay between TA and TB = TA + ∆AB makes the multipoles of body
B dependent on the external variables like the coordinates and velocities of the centers of mass of the bodies from
N-body system through the time delay which depends on coordinates and velocities of the center of mass of body B,
∆AB = ∆(vB, RAB). This dependence of the time arguments of multipoles on the external variables should be made
explicit in order to compute the variational derivative from the multipoles. This is done in the next section.
B. Time transformation of the Newtonian force
Coordinates of the center of mass of each body of N-body system are computed in the equations of motion (50)–(52)
at the same instant of global coordinate time t, that is xi
A
≡ xi
A
(t) and xi
B
≡ xi
B
(t). On the other hand, the mass
multipole moments in the Newtonian force (104) are taken at different times TA and TB 6= TA. The time difference
is a consequence of the application of the matching procedure to establish a correspondence between the local and
global coordinates which yields [18, Section IX.B]
TA = t , TB = t− vpBRpAB , (105)
where t is the value of the global coordinate time. The mass multipoles of body A, ML
A
(TA) = M
L
A
(t). The mass
multipoles MN
B
(TB) are expanded in the Taylor series around the instant of time t by making use of (105),
MN
B
(TB) ≡ MNB (t)− M˙NB vpBRpAB + O(4) . (106)
From now on, we adopt the following notations for the G-frame components of the mass and spin multipoles taken
on the hypersurface of constant time t,
ML
A
≡ML
A
(t) , MN
B
≡MN
B
(t) , SL
A
≡ SL
A
(t) , SN
B
≡ SN
B
(t) . (107)
Our next step is to substitute (106) to the first term in the right hand side of the Newtonian force (104) and discard
all residual terms of the order of O(4) which are redundant. It yields,
∑
B 6=A
∞∑
l=0
∞∑
n=0
(−1)n
l!n!
ML
A
(TA)M
N
B
(TB)∂iLNR
−1
AB
=
∑
B 6=A
∞∑
l=0
∞∑
n=0
(−1)n
l!n!
[
ML
A
MN
B
−ML
A
M˙N
B
vp
B
Rp
AB
]
∂iLNR
−1
AB
, (108)
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which can be recast to STF form with the help of Eq. (B15) from paper [18],
∞∑
l=0
∞∑
n=0
(−1)n
l!n!
ML
A
M˙N
B
vp
B
Rp
AB
∂iLNR
−1
AB
=
∞∑
l=0
∞∑
n=0
(−1)n
l!n!
ML
A
[
M˙N
B
vp
B
∂<iL>pNRAB + v
p
B
M˙pN
B
∂iLNR
−1
AB
]
. (109)
The term with the STF derivative in (109) should be transformed to a symmetric derivative by applying the peeling
off decomposition of indices [18, Eq. (A1)],
ML
A
∂<iL>RAB = M
L
A
∂iLRAB − 2l
2l+ 1
M iL−1
A
∂L−1R
−1
AB
. (110)
It allows us to bring (108) to the following form,
∑
B 6=A
∞∑
l=0
∞∑
n=0
(−1)n
l!n!
ML
A
(TA)M
N
B
(TB)∂iLNR
−1
AB
=
∑
B 6=A
∞∑
l=0
∞∑
n=0
(−1)n
l!n!
ML
A
MN
B
∂iLNR
−1
AB
(111)
+
∑
B 6=A
∞∑
l=0
∞∑
n=0
(−1)n
l!n!
2
2l + 3
M iL
A
M˙N
B
vp
B
∂pLNR
−1
AB
−
∑
B 6=A
∞∑
l=0
∞∑
n=0
(−1)n
l!n!
ML
A
[
M˙N
B
vp
B
∂ipLNRAB + v
p
B
M˙pN
B
∂iLNR
−1
AB
]
,
which should be substituted to the very first (Newtonian) term in the right hand side of (104).
C. Transformation of the STF partial derivatives
Computation of the Lagrangian by solving the inverse problem equation (78), is significantly simplified if all STF
partial derivatives in the post-Newtonian gravity forceFipN are replaced with the symmetric partial derivatives entering
definition of the STF projection (1). To this end, we notice that the STF derivatives from R−1
AB
are already equivalent
to the symmetric derivatives from R−1
AB
, in the sense that
∂<L>R
−1
AB
= ∂LR
−1
AB
. (112)
This property is a direct consequence of the Laplace equation ∆R−1
AB
≡ ∂i∂iR−1B |x=xA = 0 for function R−1B =
|x − xB|−1 which nullifies all traces in ∂<L>R−1AB . However, the post-Newtonian force FipN contains STF derivatives
from RAB which are not equivalent to the symmetric derivatives, that is ∂<L>RAB 6= ∂LRAB. Terms with the STF
derivatives from RAB appear in the third line of (52) and we are to bring all of them back to the symmetric form.
For converting the term depending on the second time derivative from multipole MN
B
we employ [18, Eq. (271)]
which yields,
∑
B 6=A
∞∑
l=0
∞∑
n=0
(−1)n
l!n!
ML
A
M¨N
B
∂<iLN>RAB =
∑
B 6=A
∞∑
l=0
∞∑
n=0
(−1)n
l!n!
ML
A
M¨N
B
∂iLNRAB (113)
+ 2
∑
B6=A
∞∑
l=0
∞∑
n=0
(−1)n
l!n!
ML
A
M¨ iN
B
−M iL
A
M¨N
B
2l+ 2n+ 3
∂LNR
−1
AB
+ 2
∑
B6=A
∞∑
l=0
∞∑
n=0
(−1)n
l!n!
MkL
A
M¨kN
B
2l + 2n+ 5
∂iLNR
−1
AB
,
where we have also utilized the frame transformation of the multipoles which is reduced in the post-Newtonian terms
to a trivial replacement of all multipoles defined in the L-frame of a body to its G-frame.
To convert the term depending on the acceleration apB of the center of mass of body B in the third line of (52) we
resort to paper [18, Eq. (273)]. It results in
∑
B 6=A
∞∑
l=0
∞∑
n=0
(−1)n
l!n!
ML
A
MN
B
ap
B
∂<ipLN>RAB =
∑
B 6=A
∞∑
l=0
∞∑
n=0
(−1)n
l!n!
ML
A
MN
B
ap
B
∂ipLNRAB (114)
−2
∑
B6=A
∞∑
l=0
∞∑
n=0
(−1)n
l!n!
ML
A
MN
B
2l+ 2n+ 3
ai
B
∂LNR
−1
AB
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+2
∑
B6=A
∞∑
l=0
∞∑
n=0
(−1)n
l!n!
ML
A
M iN
B
−M iL
A
MN
B
2l + 2n+ 5
ap
B
∂pLNR
−1
AB
+2
∑
B6=A
∞∑
l=0
∞∑
n=0
(−1)n
l!n!
ML
A
MpNB −MpLA MNB
2l+ 2n+ 5
ap
B
∂iLNR
−1
AB
+2
∑
B6=A
∞∑
l=0
∞∑
n=0
(−1)n
l!n!
MkL
A
MkN
B
2l+ 2n+ 7
ap
B
∂ipLNR
−1
AB
,
where again we have replaced in the right side of (114) the mass multipoles defined in the L-frame to those defined
in the G-frame.
For transforming the term being quadratic with respect to velocities of the center of mass of the bodies in the third
line of (52) we employ [18, Eq. (272)] along with (110) of the present paper. It brings forth the following identity,
∑
B 6=A
∞∑
l=0
∞∑
n=0
(−1)n
l!n!
ML
A
MN
B
vp
B
vq
B
∂<ipqLN>RAB =
∑
B 6=A
∞∑
l=0
∞∑
n=0
(−1)n
l!n!
ML
A
MN
B
vp
B
vq
B
∂ipqLNRB (115)
−
∑
B 6=A
∞∑
l=0
∞∑
n=0
(−1)n
l!n!
2
2l+ 2n+ 5
ML
A
MN
B
v2
B
∂iLNR
−1
AB
−
∑
B 6=A
∞∑
l=0
∞∑
n=0
(−1)n
l!n!
4
2l+ 2n+ 5
ML
A
MN
B
vi
B
vp
B
∂pLNR
−1
AB
−
∑
B 6=A
∞∑
l=0
∞∑
n=0
(−1)n
l!n!
2
2l+ 2n+ 7
M iL
A
MN
B
vp
B
vq
B
∂pqLNR
−1
AB
+
∑
B 6=A
∞∑
l=0
∞∑
n=0
(−1)n
l!n!
2
2l+ 2n+ 7
ML
A
M iN
B
vp
B
vq
B
∂pqLNR
−1
AB
−
∑
B 6=A
∞∑
l=0
∞∑
n=0
(−1)n
l!n!
4
2l+ 2n+ 7
M qL
A
MN
B
vp
B
vq
B
∂ipLNR
−1
AB
+
∑
B 6=A
∞∑
l=0
∞∑
n=0
(−1)n
l!n!
4
2l+ 2n+ 7
M qN
B
ML
A
vp
B
vq
B
∂ipLNR
−1
AB
+
∑
B 6=A
∞∑
l=0
∞∑
n=0
(−1)n
l!n!
2
2l+ 2n+ 9
MkL
A
MkN
B
vp
B
vq
B
∂ipqLNR
−1
AB
.
This completes the requested transformation of the STF partial derivatives to a standard symmetric derivatives.
D. Reduced form of the equations of motion
Now, we summarize the results of the preceding transformations from sections IVA–IVB by substituting them to
equations (50)–(52) and contracting similar terms. It yields the equations of motion (50)-(52) in a reduced form that
is suitable for construction of the Lagrangian by solving equation (78) of the inverse problem. It is convenient to split
various terms in the reduced equations of motion in several distinctive groups depending separately on the mass and
spin multipoles. as they can be treated independently. More explicitly, the reduced form of the equations of motion
(50)–(52) reads
mAa
i
A
= F i
n
+ F i
m
+ F i
s
(116)
+
1
2
∑
B 6=A
∞∑
l=0
∞∑
n=0
(−1)n
l!n!
ML
A
[
M¨N
B
∂iLN −MNB apB∂ipLN − 2M˙NB vpB∂ipLN +MNB vpBvqB∂ipqLN
]
RAB
+ 3
(
ak
A
M¨ ik
A
+ 2a˙k
A
M˙ ik
A
+ a¨k
A
M ik
A
)
− εikq
(
2ak
A
S˙q
A
+ a˙k
A
Sq
A
)
+ I¨i
A
,
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where mA is the inertial mass of body A defined above in (44), F
i
n
is the Newtonian force, F i
m
and F i
s
are two
components of the post-Newtonian force depending respectively on the mass and spin multipole components,
F i
n
=
∑
B 6=A
∞∑
l=0
∞∑
n=0
(−1)n
l!n!
ML
A
MN
B
∂iLNR
−1
AB
(117)
F i
m
=
∑
B 6=A
∞∑
l=0
∞∑
n=0
(−1)n
l!n!
[(
αiLN
m
+ βiLN
m
)
∂LN +
(
αipLN
m
+ βipLN
m
)
∂pLN + α
ipqLN
m
∂pqLN (118)
+
(
αLN
m
+ βLN
m
+ γLN
m
)
∂iLN + α
pLN
m
∂ipLN + α
pqLN
m
∂ipqLN
]
R−1
AB
F i
s
=
∑
B 6=A
∞∑
l=0
∞∑
n=0
(−1)n
l!n!
[
αipLN
s
∂pLN + α
ipqLN
s
∂pqLN + α
pLN
s
∂ipLN + α
pqLN
s
∂ipqLN
]
R−1
AB
. (119)
We emphasize that all spatial derivatives in (116)–(119) are now the symmetric partial derivatives, and the differen-
tiation with respect to spatial coordinates of the bodies is understood in the sense of equations (54), (55). The PN
coefficients of the differential operator in (118), (119) depend on time and are divided in two clusters depending on
the mass and spin multipoles. These coefficients are explained below in full detail.
1. Mass multipole coefficients
The mass multipole coeffcients form three groups. The first group of mass multipole coefficients includes those
which depend solely on the mass multipoles, their time derivatives and/or velocities of the bodies. They are:
αiLN
m
=
[
vi
A
− 2(1 + γ)vi
AB
]
ML
A
M˙N
B
− 2(1 + γ)M˙L
A
MN
B
vi
AB
(120)
+
2(1 + γ)
n+ 1
(
ML
A
M¨ iN
B
+ M˙L
A
M˙ iN
B
)
− 2(1 + γ)
l + 1
(
M¨ iL
A
MN
B
− M˙ iL
A
M˙N
B
)
−(l + 1)M iL
A
M¨N
B
− lM¨ iL
A
MN
B
− (2l + 1)M˙ iL
A
M˙N
B
,
αipLN
m
= − [2(1 + γ)vi
AB
vp
AB
+ vi
A
vp
B
]
ML
A
MN
B
− 2(l + 1)M iL
A
M˙N
B
vp
AB
− (2l+ 1)M˙ iL
A
MN
B
vp
AB
(121)
+
2(1 + γ)
n+ 1
ML
A
M˙ iN
B
vp
AB
− 2(1 + γ)
l + 1
M˙ iL
A
MN
B
vp
AB
,
αipqLN
m
= −(l + 1)M iL
A
MN
B
vp
AB
vq
AB
, (122)
αLN
m
=
[
(1 + γ)v2
AB
− 1
2
v2
B
− v2
A
]
ML
A
MN
B
+MkL
A
M˙N
B
vk
A
−ML
A
M˙kN
B
vk
B
(123)
+
2(1 + γ)
l+ 1
M˙kL
A
MN
B
vk
AB
− 2(1 + γ)
n+ 1
ML
A
M˙kN
B
vk
AB
− 2(1 + γ)
(l + 1)(n+ 1)
M˙kL
A
M˙kN
B
,
αpLN
m
= vk
B
vp
B
ML
A
MkN
B
− vk
A
vp
B
MkL
A
MN
B
, (124)
αpqLN
m
= −1
2
(
vk
A
vpAℵLAMNB
2l + 3
+
vk
B
vpBM
L
A
ℵN
B
2n+ 3
)
, (125)
The second group of the mass multipole coefficients depend on the mass multipoles and accelerations of the center of
mass of the bodies:
βiLN
m
=
[
2
(
1 + γ
)
ai
B
−
(
l + 2 + 2γ
)
ai
A
]
ML
A
MN
B
, (126)
βipLN
m
=
[(
l+ 1
)
ap
B
− lap
A
]
M iL
A
MN
B
, (127)
βLN
m
= −(l+ 1)MkL
A
MN
B
ak
A
− (n+ 1)ML
A
MkN
B
ak
B
, (128)
The third group consists of just a single coefficient
γLN
m
= −γU¯(xB)MLA MNB , (129)
describing gravitational coupling of the mass multipoles with the gravitational potential of the bodies being external
to body B in N-body system.
29
2. Spin multipole coefficients
The spin multipole coefficients are split in two groups. The first group depends on the products of spin and mass
multipoles and either their time derivatives or velocities of the bodies. They are:
αipLN
s
=
2(1 + γ)
n+ 2
εipq
(
ML
A
S˙qN
B
+ M˙L
A
SqN
B
)
+
2(1 + γ)
l+ 2
εipq
(
S˙qL
A
MN
B
+ SqL
A
M˙N
B
)
, (130)
αipqLN
s
=
2(1 + γ)
l + 2
εipkS
kL
A
MN
B
vq
AB
+
2(1 + γ)
n+ 2
εipkM
L
A
SkN
B
vq
AB
, (131)
αpLN
s
=
2(1 + γ)
n+ 2
εpkqM
L
A
SqN
B
vk
AB
− 2(1 + γ)
l + 2
εpkqS
kL
A
MN
B
vq
AB
(132)
+
2(1 + γ)
(l + 2)(n+ 1)
εpkqS
kL
A
M˙ qN
B
+
2(1 + γ)
(l + 1)(n+ 2)
εpkqM˙
kL
A
SqN
B
,
The second group includes only one coefficient describing mutual gravitational coupling of the spin multipoles of
bodies from N-body system:
αpqLN
s
= − 2(1 + γ)
(l + 2)(n+ 2)
SpL
A
SqN
B
. (133)
Equations of motion (116)–(119) replace the right hand side of (78) and will be used below for solving the inverse
problem of the Lagrangian mechanics in the form
δL
δxi
A
= m
A
ai
A
− F i
n
− F i
m
− F i
s
(134)
− 1
2
∑
B 6=A
∞∑
l=0
∞∑
n=0
(−1)n
l!n!
ML
A
[
M¨N
B
∂iLN −MNB apB∂ipLN − 2M˙NB vpB∂ipLN +MNB vpBvqB∂ipqLN
]
RAB
− 3
(
ak
A
M¨ ik
A
+ 2a˙k
A
M˙ ik
A
+ a¨k
A
M ik
A
)
+ εikq
(
2ak
A
S˙q
A
+ a˙k
A
Sq
A
)
− I¨i
A
.
We shall find the Lagrangian L by consecutively picking up the coefficients in the right hand side of (134) depending
on the second time derivatives and bringing them to the form of the variational derivative (73) with simultaneous
reduction and simplification of the remaining terms. After converting all those terms to the variational derivatives
and mutual cancellation of all similar terms we shall be left with a few residual terms which are not directly reducible
to the variational derivative. Nonetheless, the residual terms can be converted to the variational derivative after
transforming them to the time derivatives from the internal dynamic variables by applying the equations of motion
(70) for spin dipole Si
A
and the virial theorem (A24) for the mass symmetric moment גijA .
V. THE LAGRANGIAN FORM OF THE NEWTONIAN FORCE
We start solution of the inverse problem of translational motion of N bodies from transformation of the first two
terms in the right hand side of (134) which constitute the Newtonian second law of classic mechanics. The inertial
term, m
A
ai
A
, corresponds to the kinetic energy of translational motion of the bodies and the Newtonian force, F i
n
,
complies with the potential energy of their Newtonian gravitational attraction.
A. Kinetic energy
The kinetic energy of body A depends on its inertial mass that was defined in (44). The inertial mass contains
the intrinsic part mA which does not depend explicitly on the external variables of the configuration space of N-body
system. However, it also contains the external multipoles moments QL and P which are the explicit functions of the
coordinates of the centers of mass of the external bodies in accordance with definitions (21) and (25). Due to the fact
that active dipole moments of body A have a post-Newtonian order of magnitude, Mi
A
= O(2), its exact structure in
the post-Newtonian terms is not important as the difference goes over to the second post-Newtonian order. To make
equations look more homogeneous we replace the dipole term in the last (post-Newtonian) term of (44) QiM
i → PiMi.
We can also neglect in this term the difference between the multipole moments defined in the local and global frames
30
and equate, ML
A
= ML
A
. We also use in the post-Newtonian terms notation MA for gravitational mass. Under these
conditions the inertial mass of body A (44) can be written down in the following form
mA = mA + γMA
∑
B 6=A
∞∑
n=0
(−1)n
n!
MN
B
∂NR
−1
AB
−
∑
B6=A
∞∑
l=0
∞∑
n=0
(−1)n
l!n!
(l + 1)ML
A
MN
B
∂LNR
−1
AB
. (135)
The inertial mass mA is not constant. The rate of change of the inertial mass has been computed in [14, 72, 92]
and can be determined directly by taking a time derivative from both sides of (135) with accounting for the time
derivative of the mass mA – see [18, Eq. 163] and (A9). It yields
m˙A = γMA
˙¯U(xA)−
∞∑
l=0
1
l!
[
l∂LU¯(xA)M˙
L
A
+ (l + 1)∂L
˙¯U(xA)M
L
A
]
(136)
= γMA
∑
B 6=A
∞∑
n=0
(−1)n
n!
[
M˙N
B
∂NR
−1
AB
+MN
B
vp
AB
∂pNR
−1
AB
]
−
∑
B 6=A
∞∑
l=0
∞∑
n=0
(−1)n
l!n!
[
lM˙L
A
MN
B
∂LNR
−1
AB
+ (l + 1)ML
A
M˙N
B
∂LNR
−1
AB
+ (l + 1)ML
A
MN
B
vp
AB
∂pLNR
−1
AB
]
.
Let us define the Newtonian kinetic energy KN of translational motion of all bodies in N-body system by a standard
formula of classic mechanics
KN =
1
2
∑
A
mAv
2
A
. (137)
The variational derivative (73) from the kinetic energy KN is computed with taking into account that the inertial
mass mA of body A depends explicitly on the coordinates of the external bodies of N-body system. We have
δKN
δxi
A
= mAa
i
A
+ m˙Av
i
A
− 1
2
v2
A
∂mA
∂xi
A
− 1
2
∑
B 6=A
v2
B
∂mB
∂xi
A
(138)
= mAa
i
A
+ γMAv
i
A
∑
B 6=A
∞∑
n=0
(−1)n
n!
[
M˙N
B
∂NR
−1
AB
+MN
B
vp
AB
∂pNR
−1
AB
]
−
∑
B 6=A
∞∑
l=0
∞∑
n=0
(−1)n
l!n!
[
lM˙L
A
MN
B
∂LNR
−1
AB
+ (l + 1)ML
A
M˙N
B
∂LNR
−1
AB
+ (l + 1)ML
A
MN
B
vp
AB
∂pLNR
−1
AB
]
vi
A
− 1
2
γ
∑
B 6=A
∞∑
n=0
(−1)n
n!
v2
A
MAM
N
B
∂iNR
−1
AB
+
1
2
∑
B 6=A
∞∑
l=0
∞∑
n=0
(−1)n
l!n!
(l + 1)v2
A
ML
A
MN
B
∂iLNR
−1
AB
+
1
2
γ
∑
B 6=A
∞∑
n=0
(−1)n
n!
v2
B
MBM
N
A
∂iNR
−1
BA
+
1
2
∑
B 6=A
∞∑
l=0
∞∑
n=0
(−1)n
l!n!
(n+ 1)v2
B
ML
A
MN
B
∂iLNR
−1
AB
,
where in the first term of the very last line the partial derivatives are taken with respect to coordinates of body B,
that is ∂iNR
−1
BA
≡ ∂iNR−1A |x=xB , where RA = |x− xA|.
Some terms in the right hand side of (138) can be grouped together to form a variational derivative which can be
taken to the left hand side of (138) to combine with the variational derivative from KN. More specifically, we notice
that
δ
δxi
A
∑
A
[
1
2
MAU¯(xA)v
2
A
]
=
δ
δxi
A
[
1
2
MAU¯(xA)v
2
A
]
+
δ
δxi
A
∑
B 6=A
[
1
2
MBU¯(xB)v
2
B
]
(139)
=MAU¯(xA)a
i
A
− 1
2
∑
B 6=A
∞∑
n=0
(−1)n
n!
v2
A
MAM
N
B
∂iNR
−1
AB
+
1
2
∑
B 6=A
∞∑
n=0
(−1)n
n!
v2
B
MBM
N
A
∂iNR
−1
BA
+MAv
i
A
∑
B 6=A
∞∑
n=0
(−1)n
n!
[
M˙N
B
∂NR
−1
AB
+MN
B
vp
AB
∂pNR
−1
AB
]
.
Moreover, it is straightforward to show that in the first PN approximation the following identity is valid,
δ
δxi
A
∑
A
(
1
8
mAv
4
A
)
= mA
(
1
2
v2
A
ai
A
+ vi
A
vp
A
ap
A
)
(140)
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=
∑
B6=A
∞∑
l=0
∞∑
n=0
(−1)n
l!n!
[
1
2
v2
A
ML
A
MN
B
∂iLNR
−1
AB
+ vi
A
vp
A
ML
A
MN
B
∂pLNR
−1
AB
]
.
This term represents a post-Newtonian correction to the kinetic energy (137) and it is reasonable to add it to the
variational derivative (138) of the kinetic energy along with the term (139).
Subtracting (139) from (138) and adding (140), we notice that some similar terms in the so-obtained expression
cancel out and the inertial, acceleration-dependent term in the right hand side of equation (134) takes on the form of
the variational derivative plus some other terms,
mAa
i
A
=
δL1
δxi
A
+ γMAU¯(xA)a
i
A
−MAviAvpAapA −
1
2
MAv
2
A
ai
A
(141)
+
∑
B6=A
∞∑
l=0
∞∑
n=0
(−1)n
l!n!
[
lM˙L
A
MN
B
∂LNR
−1
AB
+ (l + 1)ML
A
M˙N
B
∂LNR
−1
AB
+ (l + 1)ML
A
MN
B
vp
AB
∂pLNR
−1
AB
]
vi
A
− 1
2
∑
B 6=A
∞∑
l=0
∞∑
n=0
(−1)n
l!n!
(l + 1)v2
A
ML
A
MN
B
∂iLNR
−1
AB
− 1
2
∑
B 6=A
∞∑
l=0
∞∑
n=0
(−1)n
l!n!
(n+ 1)v2
B
ML
A
MN
B
∂iLNR
−1
AB
,
where we have denoted
L1 =
1
2
∑
A
mAv
2
A
[
1 +
1
4
v2
A
− γU¯(xA)
]
. (142)
We shall use (141) in section VID to combine it with other terms in the right hand side of (134) to derive the
Lagrangian of translational motion of N-body problem.
B. Potential energy
The Newtonian potential energy of gravitational interactions in N-body system is associated with the gravitational
force F i
n
presented by (117). It depends on the active mass multipoles (97), (101) which are functions the external
dynamic variables. In what follows, we shall put the external variables apart in the gravitational force F i
n
which allows
to track them down explicitly and facilitate the derivation of the Lagrangian of N-body system. Replacing the mass
multipoles ML
A
and MN
B
with their definitions (97), (101) in the Newtonian gravitational force F i
n
, we get a fairly long
formula,
F i
n
=
∑
B 6=A
∞∑
l=0
∞∑
n=0
(−1)n
l!n!
ML
A
MN
B
∂iLNR
−1
AB
(143)
+ γ
∑
B 6=A
∞∑
l=0
∞∑
n=0
(−1)n
l!n!
[
U¯(xA) + U¯(xB)
]
ML
A
MN
B
∂iLNR
−1
AB
+
∑
B 6=A
∞∑
l=0
∞∑
n=0
(−1)n
l!n!
(
ap
A
MpL
A
MN
B
+ ap
B
ML
A
MpN
B
)
∂iLNR
−1
AB
+
∑
B 6=A
∞∑
l=0
∞∑
n=0
(−1)n
l!n!
[
la<il
A
ℵL−1>
A
MN
B
2l+ 1
+
na<in
B
ℵN−1>
B
ML
A
2n+ 1
]
∂iLNR
−1
AB
+ (1− 2β)
∑
B 6=A
∞∑
l=0
∞∑
n=0
∞∑
k=0
(−1)n
l!n!k!
[
∂KU¯(xA)ג
KL
A
MN
B
+ ∂KU¯(xB)ג
KL
B
MN
A
]
∂iLNR
−1
AB
,
where the mass multipoles ML
A
≡ ML
A
(t) and MN
B
≡ MN
B
(t) are defined respectively in (98), (102), and taken at the
same instant of time t asML
A
and MN
B
– see (107). We have also introduced new notation for the symmetric moments
in the G-frame,
ג
L
A
=
∫
VA
ρ∗(TA,X)X
(i1...il)d3X , גL
B
=
∫
VB
ρ∗(TB,X)X
(i1...il)d3X . (144)
It is worth noticing that in the case l = 0 the monopole symmetric moment coincides with the mass of body A, that
is גA = MA. We are also allowed to consider the dipole ג
i
A
=M i
A
= 0 in any post-Newtonian term.
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Almost each term in the decomposition (143) of the Newtonian force can be separately converted to the variational
derivative either exactly or up to a term being equal to the ordinary, second-order time derivative from a linear
combination of some functions which will be specified below. Indeed, it is straightforward to establish that the very
first term in the right hand side of (143) is equivalent to the variational derivative
∑
B 6=A
∞∑
l=0
∞∑
n=0
(−1)n
l!n!
ML
A
MN
B
∂iLNR
−1
AB
= −1
2
δ
δxi
A
[∑
A
∑
B6=A
∞∑
l=0
∞∑
n=0
(−1)n
l!n!
ML
A
MN
B
∂LNR
−1
AB
]
, (145)
where we have taken into account that the variational derivatives from the internal variables vanish: δML
A
/δxi
A
= 0,
δMN
B
/δxi
A
= 0.
The terms with the accelerations in the third and forth lines of the right hand side of (143) are converted to
∑
B6=A
∞∑
l=0
∞∑
n=0
(−1)n
l!n!
(
ap
A
MpL
A
MN
B
+ ap
B
ML
A
MpN
B
)
∂iLNR
−1
AB
= (146)
−1
2
δ
δxi
A
∑
A
∑
B 6=A
∞∑
l=0
∞∑
n=0
(−1)n
l!n!
(
ap
A
MpL
A
MN
B
+ ap
B
ML
A
MpN
B
)
∂LNR
−1
AB
− d
2
dt2
∑
B 6=A
∞∑
l=0
∞∑
n=0
(−1)n
l!n!
M iL
A
MN
B
∂LNR
−1
AB
,
and
∑
B6=A
∞∑
l=0
∞∑
n=0
(−1)n
l!n!
[
la<il
A
ℵL−1>
A
MN
B
2l + 1
+
na<in
B
ℵN−1>
B
ML
A
2n+ 1
]
∂iLNR
−1
AB
= (147)
∑
B6=A
∞∑
l=0
∞∑
n=0
(−1)n
l!n!
[
apAℵLAMNB
2l + 3
− a
p
BM
L
A
ℵN
B
2n+ 3
]
∂ipLNR
−1
AB
=
−1
2
δ
δxi
A
∑
A
∑
B 6=A
∞∑
l=0
∞∑
n=0
(−1)n
l!n!
[
apAℵLAMNB
2l+ 3
− a
p
BM
L
A
ℵN
B
2n+ 3
]
∂pLNR
−1
AB
− d
2
dt2
∑
B 6=A
∞∑
l=0
∞∑
n=0
(−1)n
l!n!
ℵL
A
MN
B
2l+ 3
∂iLNR
−1
AB
.
The terms with the second-order time derivatives in the right hand side of (146), (147) can be removed from the
equations of motion by appropriately choosing the shift function Ii
A
in (134). It corresponds to making translation
of the coordinates of the center of mass of body A from the origin of its local coordinates, point wi = 0, to another
point wi
A
defined by equation (45) under the condition of vanishing conformal dipole moment Ji
A
= 0. More exactly,
we choose
Ii
A
=
∑
B6=A
∞∑
l=0
∞∑
n=0
(−1)n
l!n!
M iL
A
MN
B
∂LNR
−1
AB
+
∑
B6=A
∞∑
l=0
∞∑
n=0
(−1)n
l!n!
ℵL
A
MN
B
2l + 3
∂iLNR
−1
AB
, (148)
which means that the local coordinates of the center of mass of body A are now
wi
A
= −m−1
A
Ii
A
. (149)
It should be emphasized that the active mass and spin multipole moments ML
A
and SL
A
with l ≥ 1 are still computed
with respect to the origin of the local coordinates of the corresponding body, that is with respect to the point wi = 0
which is defined by the condition Ji
A
= 0. The shifted values of the mass multipoles, MˆL
A
are related to the mass
multipoles defined with respect to the origin of the local frame, by transformations
MˆL
A
= ML
A
− lM<L−1
A
wil>
A
+ O(4) , MˆN
B
= MN
B
− nM<N−1
B
wil>
B
+ O(4) , (150)
where we have taken into account that the translation wi
A
has a post-Newtonian order of magnitude according to
(148), (149). Because the equations of motion depend on the mass and spin multipoles, ML
A
and SL
A
, defined with
respect to the origin of the local coordinates, we continue to use these multipoles in the rest of the present paper.
The terms in the very last line of (143) represent the most laborious part in the computation of the variational
derivative of the gravitational potential energy of N bodies. These terms describe two-point and three-point non-linear
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interactions of the mass multipoles. We follow Fock [49, §77] who did similar computations but only for monopole
terms (the indices l = k = 0). Extending Fock’s calculation for all other indices l ≥ 0, k ≥ 0, we have
(1− 2β)
∑
B 6=A
∞∑
l=0
∞∑
n=0
∞∑
k=0
(−1)n
l!n!k!
[
∂KU¯(xA)ג
KL
A
MN
B
+ ∂KU¯(xB)ג
KL
B
MN
A
]
∂iLNR
−1
AB
= − δ
δxi
A
(
Lab + Labc
)
, (151)
where
Lab =
(
1
2
− β
)∑
A
∑
B6=A
ΨAB , Labc =
(
1
2
− β
)∑
A
∑
B 6=A
∑
C6=A,B
ΨABC , (152)
are defined in terms of fully-symmetric (with respect to the summation indices A,B,C) functions ΨAB = Ψ(AB),
ΨABC = Ψ(ABC). Function
ΨAB =
1
2
∞∑
l=0
∞∑
n=0
1
l!n!
[
ג
LN
A
∂LU¯B(xA)∂N U¯B(xA) + ג
LN
B
∂LU¯A(xB)∂N U¯A(xB)
]
(153)
=
1
2
∞∑
l=0
∞∑
n=0
∞∑
k=0
∞∑
s=0
(−1)k+s
l!n!k!s!
[
ג
LN
A
MK
B
MS
B
+ גKS
B
ML
A
MN
A
] (
∂LKR
−1
AB
) (
∂NSR
−1
AB
)
,
describes the two-point gravitational interaction, and function
ΨABC =
1
3
∞∑
l=0
∞∑
n=0
1
l!n!
[
ג
LN
A
∂LU¯B(xA)∂N U¯C(xA) + ג
LN
B
∂LU¯C(xB)∂N U¯A(xB) + ג
LN
C
∂LU¯A(xC)∂N U¯B(xC)
]
(154)
=
1
3
∞∑
l=0
∞∑
n=0
∞∑
k=0
∞∑
s=0
(−1)k+s
l!n!k!s!
[
ג
LN
A
MK
B
MS
C
(
∂LKR
−1
AB
) (
∂NSR
−1
AC
)
+ גLN
B
MK
C
MS
A
(
∂LKR
−1
BC
) (
∂NSR
−1
BA
)
+ גLN
C
MK
A
MS
B
(
∂LKR
−1
CA
) (
∂NSR
−1
CB
)]
,
describes the three-point interaction. Notice that the non-canonical symmetric multipole moments גLN
A
that appear
in (153), (154), have been introduced in (144). They can be replaced with their STF projections IIJ
A(p) ≡ I<IJ>A(p) by
making use of formula (A22b) from paper by Blanchet and Damour [102]. For example,
ג
LN
A
(
∂LKR
−1
AB
) (
∂NSR
−1
AC
)
=
min(l,n)∑
p=0
l!n!
p!(l − p)!(n− p)!
(2l + 2n− 4p+ 1)!!
(2l + 2n− 2p+ 1)!!I
IJ
A(p)
(
∂IPKR
−1
AB
) (
∂JPSR
−1
AC
)
, (155)
where min(l, n) denotes the minimum of two numbers l and n, the indices I ≡ L− P , J ≡ N − P ,
IIJ
A(p) =
∫
VA
σ(TA,X)|X|2pX<IJ>d3X , (156)
and we have taken into account that the symmetric derivative from R−1
AB
is equivalent to its STF derivative 5. Similar
STF-decomposition equations can be written for other terms in (153) and (154).
Accounting for the results obtained in this section, we can express the Newtonian force (143) in the form of the
variational derivative supplemented with terms depending on the external gravitational potentials U¯(xA), U¯(xB) for
body A and B respectively, and a second time derivative of vector function (148) which cancel out the corresponding
shift function in the right hand side of the inverse-problem equation (134),
F i
n
= − δ
δxi
A
(
L2 + Lab + Labc
)
+ γ
∑
B 6=A
∞∑
l=0
∞∑
n=0
(−1)n
l!n!
[
U¯(xA) + U¯(xB)
]
ML
A
MN
B
∂iLNR
−1
AB
− I¨i
A
, (157)
where
L2 =
1
2
∑
A
∑
B 6=A
∞∑
l=0
∞∑
n=0
(−1)n
l!n!
ML
A
MN
B
∂LNR
−1
AB
(158)
5 Notice that the STF multipoles IIJ
A(0)
= M<IJ>A for p = 0, and I
IJ
A(1)
= ℵ
<IJ>
A when p = 1.
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+
1
2
∑
A
∑
B 6=A
∞∑
l=0
∞∑
n=0
(−1)n
l!n!
(
ap
A
MpL
A
MN
B
+ ap
B
ML
A
MpN
B
)
∂LNR
−1
AB
+
1
2
∑
A
∑
B 6=A
∞∑
l=0
∞∑
n=0
(−1)n
l!n!
[
apAℵLAMNB
2l+ 3
− a
p
BM
L
A
ℵN
B
2n+ 3
]
∂pLNR
−1
AB
,
is the Newtonian-like potential energy of gravitational field where the mass multipole ML
A
and MN
B
belong to the
G-frame of the bodies and have been defined in (98), (102).
Equation (157) can be further simplified to
F i
n
= − δ
δxi
A
(
L2 + Lab + Labc
)
+ γMAU¯(xA)a
i
A
+ γ
∑
B6=A
∞∑
l=0
∞∑
n=0
(−1)n
l!n!
U¯(xB)M
L
A
MN
B
∂iLNR
−1
AB
− I¨i
A
, (159)
where we have used the Newtonian equations of motion,MBa
i
A
= F i
n
, to reduce the term depending on the gravitational
potential U¯(xA) of the bodies being external to body A. This replacement elucidates that the term depending on
U¯(xA) in (159) is exactly equal to a similar term in the right hand side of (141) so that the two terms will mutually
cancel out in the final reduction of similar terms in the right hand side of (134).
VI. THE LAGRANGIAN FORM OF THE POST-NEWTONIAN FORCE
In this section we consider transformation of the post-Newtonian terms in the right hand side of (134) which contain
time derivatives of the first, second and higher order, to the variational derivative. The terms with the time derivatives
consist of four groups. The first group includes terms being proportional to the products of the partial derivatives
from the coordinate distance RAB between the bodies and the time derivatives of the mass multipoles or acceleration of
the bodies. The second group consists of terms being proportional to the products of the partial derivatives from the
inverse of the coordinate distance R−1
AB
with time derivatives of the mass multipoles or accelerations of the bodies which
appear in force F i
m
. The third group consists of terms being proportional to the products of the partial derivatives
from the inverse of the coordinate distance R−1
AB
and the first time derivatives of the spin multipoles which constitute
the force F i
s
. The forth group consists of the residual terms depending on the higher-order time derivatives of the
multipoles and the external variables like velocity and acceleration of body A and their time derivatives. Below we
consider these groups of terms one by one.
A. Transformation of the higher-order derivative terms coupled to distance RAB
Terms being proportional to the symmetric partial derivatives from RAB appear in the second line of equation (134).
First, we transform to the variational derivative the term which is proportional to the second time derivative,
∑
B6=A
∞∑
l=0
∞∑
n=0
(−1)n
l!n!
ML
A
M¨N
B
∂iLNRAB =
δ
δxi
A
∑
A
∑
B 6=A
∞∑
l=0
∞∑
n=0
(−1)n
l!n!
ML
A
M˙N
B
vp
A
∂pLNRAB (160)
+
∑
B6=A
∞∑
l=0
∞∑
n=0
(−1)n
l!n!
[(
ML
A
M˙N
B
− M˙L
A
MN
B
)
vp
B
∂ipLNRAB − M˙LA M˙NB ∂iLNRAB
]
.
Next term is proportional to the acceleration. It is transformed as follows,
∑
B6=A
∞∑
l=0
∞∑
n=0
(−1)n
l!n!
ML
A
MN
B
ap
B
∂ipLNRAB =
1
2
δ
δxi
A
∑
A
∑
B 6=A
∞∑
l=0
∞∑
n=0
(−1)n
l!n!
ML
A
MN
B
vp
A
vq
B
∂pqLNRAB (161)
+
∑
B6=A
∞∑
l=0
∞∑
n=0
(−1)n
l!n!
[
ML
A
MN
B
vp
B
vq
B
∂ipqLNRAB − M˙LA MNB vpB∂ipLNRAB −MLA M˙NB vpB∂ipLNRAB
]
.
Making use of the above formulas we get that the combination of terms in the second line of (134) is completely
reduced to a variational derivative without residual terms,
1
2
∑
B 6=A
∞∑
l=0
∞∑
n=0
(−1)n
l!n!
ML
A
[
M¨N
B
∂iLN −MNB apB∂ipLN − 2M˙NB vpB∂ipLN +MNB vpBvqB∂ipqLN
]
RAB = −δL3
δxi
A
. (162)
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where
L3 =
1
4
∑
A
∑
B 6=A
∞∑
l=0
∞∑
n=0
(−1)n
l!n!
[
ML
A
MN
B
vp
A
vq
B
∂pqLN − 2MLA M˙NB vpA∂pLN − M˙LA M˙NB ∂LN
]
RAB . (163)
B. Transformation of the higher-order derivative terms in the force F i
m
The force F i
m
is given in (118) with the PN coefficients listed in section IVD1. The higher-order derivative terms
include the second time derivatives of the mass multipole moments and accelerations of the center of mass of the
bodies of N-body system.
1. Terms with the second time derivatives of the mass multipoles
The second time derivatives of mass multipole moments appear only in the mass multipole coefficient αiLN
m
shown
in (120). The transformation equations for the four different terms with the second time derivatives, which appear in
this coefficient, are as follows:
∑
B 6=A
∞∑
l=0
∞∑
n=0
(−1)n
l!n!
ML
A
M¨ iN
B
n+ 1
∂LNR
−1
AB
=
δ
δxi
A
∑
A
∑
B 6=A
∞∑
l=0
∞∑
n=0
(−1)n
l!n!
ML
A
M˙pNB v
p
A
n+ 1
∂LNR
−1
AB
(164)
+
∑
B 6=A
∞∑
l=0
∞∑
n=0
(−1)n
l!n!
[(
M˙pLA M
N
B
vpB
l + 1
+
ML
A
M˙pNB v
p
A
n+ 1
)
∂iLNR
−1
AB
− M˙
L
A
M˙ iN
B
n+ 1
∂LNR
−1
AB
− M
L
A
M˙ iN
B
vpAB
n+ 1
∂pLNR
−1
AB
]
,
∑
B 6=A
∞∑
l=0
∞∑
n=0
(−1)n
l!n!
M¨ iL
A
MN
B
l + 1
∂LNR
−1
AB
=
δ
δxi
A
∑
A
∑
B 6=A
∞∑
l=0
∞∑
n=0
(−1)n
l!n!
M˙pLA M
N
B
vpA
l + 1
∂LNR
−1
AB
(165)
+
∑
B 6=A
∞∑
l=0
∞∑
n=0
(−1)n
l!n!
[(
ML
A
M˙pNB v
p
B
n+ 1
+
M˙pLA M
N
B
vpA
l+ 1
)
∂iLNR
−1
AB
− M˙
iL
A
M˙N
B
l+ 1
∂LNR
−1
AB
− M˙
iL
A
MN
B
vpAB
l + 1
∂pLNR
−1
AB
]
,
∑
B 6=A
∞∑
l=0
∞∑
n=0
(−1)n
l!n!
lM¨ iL
A
MN
B
∂LNR
−1
AB
=
δ
δxi
A
∑
A
∑
B 6=A
∞∑
l=0
∞∑
n=0
(−1)n
l!n!
lM˙pL
A
MN
B
vp
A
∂LNR
−1
AB
(166)
+
∑
B 6=A
∞∑
l=0
∞∑
n=0
(−1)n
l!n!
[(
nML
A
M˙pN
B
vp
B
+ lM˙pL
A
MN
B
vp
A
)
∂iLNR
−1
AB
− lM˙ iL
A
M˙N
B
∂LNR
−1
AB
− lM˙ iL
A
MN
B
vp
AB
∂pLNR
−1
AB
]
,
∑
B 6=A
∞∑
l=0
∞∑
n=0
(−1)n
l!n!
(l + 1)M iL
A
M¨N
B
∂LNR
−1
AB
=
δ
δxi
A
∑
A
∑
B 6=A
∞∑
l=0
∞∑
n=0
(−1)n
l!n!
(l + 1)MpL
A
M˙N
B
vp
A
∂LNR
−1
AB
(167)
+
∑
B 6=A
∞∑
l=0
∞∑
n=0
(−1)n
l!n!
[
(n+ 1)M˙L
A
MpN
B
vp
B
+ (l + 1)MpL
A
M˙N
B
vp
A
]
∂iLNR
−1
AB
−
∑
B 6=A
∞∑
l=0
∞∑
n=0
(−1)n
l!n!
[
(l + 1)M˙ iL
A
M˙N
B
∂LNR
−1
AB
+ (l + 1)M iL
A
M˙N
B
vp
AB
∂pLNR
−1
AB
]
.
Transformations (164)–(167) convert all terms with the second time derivatives of the mass multipoles in the force
F i
m
to the variational derivative and a number of other terms which bring additional contributions to other mass
multipole coefficients entering (118). After reduction of similar terms the post-Newtonian force (118) is modified and
takes on the following form
F i
m
= −δL4
δxi
A
+
∑
B 6=A
∞∑
l=0
∞∑
n=0
(−1)n
l!n!
[ (
αˆiLN
m
+ βiLN
m
)
∂LN +
(
αˆipLN
m
+ βipLN
m
)
∂pLN + αˆ
ipqLN
m
∂pqLN (168)
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+
(
αˆLN
m
+ βLN
m
+ γLN
m
)
∂iLN + α
pLN
m
∂ipLN + α
pqLN
m
∂ipqLN
]
R−1
AB
,
where
L4 = 2(1 + γ)
∑
A
∑
B 6=A
∞∑
l=0
∞∑
n=0
(−1)n
l!n!
[(
M˙pLA M
N
B
l + 1
− M
L
A
M˙pNB
n+ 1
)
vp
A
− M˙
kL
A
M˙kN
B
2(l + 1)(n+ 1)
]
∂LNR
−1
AB
(169)
+
∑
A
∑
B 6=A
∞∑
l=0
∞∑
n=0
(−1)n
l!n!
[
(l + 1)MpL
A
M˙N
B
+ lM˙pL
A
MN
B
]
vp
A
∂LNR
−1
AB
,
and the coefficients in the force F i
m
, which have been modified by the above transformations, are marked with hat.
They are
αˆiLN
m
= ML
A
M˙N
B
vi
A
− 2(1 + γ)
(
ML
A
M˙N
B
+ M˙L
A
MN
B
)
vi
AB
, (170)
αˆipLN
m
= − [2(1 + γ)vi
AB
vp
AB
+ vi
A
vp
B
]
ML
A
MN
B
− (l + 1)
(
M iL
A
M˙N
B
+ M˙ iL
A
MN
B
)
vp
AB
, (171)
αˆipqLN
m
= −(l + 1)M iL
A
MN
B
vp
AB
vq
AB
, (172)
αˆLN
m
=
[
(1 + γ)v2
AB
− 1
2
v2
B
− v2
A
]
ML
A
MN
B
(173)
−l
(
MkL
A
M˙N
B
+ M˙kL
A
MN
B
)
vk
A
− (n+ 1)
(
ML
A
M˙kN
B
+ M˙L
A
MkN
B
)
vk
B
.
The remaining coefficients in (168) (without the hat) are not affected by the transformations (164)–(167) and remain
the same as shown in (124)–(129). Now, we are to single out the variational derivatives from acceleration-dependent
terms in (168).
2. Terms with the accelerations
Equation for the force (168) includes four terms depending explicitly on accelerations of the center of mass of the
bodies of N-body system. These terms appear in the PN coefficients βiLN
m
and βipLN
m
. We transform these terms to
the form of the variational derivative and combine the rest of the terms, obtained after these transformation, with
similar terms in the remaining PN coefficients of the force (168).
Two terms depend on the acceleration of body A. Their corresponding transformations are:
∑
B6=A
∞∑
l=0
∞∑
n=0
(−1)n
l!n!
(l + 2 + 2γ)ai
A
ML
A
MN
B
∂LNR
−1
AB
= (174)
δ
δxi
A
∑
A
∑
B 6=A
∞∑
l=0
∞∑
n=0
(−1)n
l!n!
(
l
2
+ 1 + γ
)
v2
A
ML
A
MN
B
∂LNR
−1
AB
+
∑
B6=A
∞∑
l=0
∞∑
n=0
(−1)n
l!n!
[(
l
2
+ 1 + γ
)
v2
A
+
(n
2
+ 1 + γ
)
v2
B
]
ML
A
MN
B
∂iLNR
−1
AB
−
∑
B6=A
∞∑
l=0
∞∑
n=0
(−1)n
l!n!
(l + 2 + 2γ)
[(
M˙L
A
MN
B
+ML
A
M˙N
B
)
vi
A
∂LNR
−1
AB
+ML
A
MN
B
vi
A
vp
AB
∂pLNR
−1
AB
]
,
and
∑
B6=A
∞∑
l=0
∞∑
n=0
(−1)n
l!n!
lap
A
M iL
A
MN
B
∂pLNR
−1
AB
= (175)
δ
δxi
A
∑
A
∑
B 6=A
∞∑
l=0
∞∑
n=0
(−1)n
l!n!
lvp
A
vqAM
qL
A
MN
B
∂pLNR
−1
AB
−
∑
B6=A
∞∑
l=0
∞∑
n=0
(−1)n
l!n!
lap
A
MpL
A
MN
B
∂iLNR
−1
AB
−
∑
B 6=A
∞∑
l=0
∞∑
n=0
(−1)n
l!n!
lvp
A
M iL
A
MN
B
vq
AB
∂pqLNR
−1
AB
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+
∑
B6=A
∞∑
l=0
∞∑
n=0
(−1)n
l!n!
[(
lvp
B
vqBM
qL
A
MN
B
− nvp
B
vq
B
ML
A
M qN
B
)
∂ipLNR
−1
AB
− lvp
A
(
M˙ iL
A
MN
B
+M iL
A
M˙N
B
)
∂pLNR
−1
AB
]
−
∑
B6=A
∞∑
l=0
∞∑
n=0
(−1)n
l!n!
lvp
A
(
M˙pL
A
MN
B
+MpL
A
M˙N
B
)
∂iLNR
−1
AB
.
There are also two terms which depend on the acceleration of body B. Their transformations read:
∑
B6=A
∞∑
l=0
∞∑
n=0
(−1)n
l!n!
ai
B
ML
A
MN
B
∂LNR
−1
AB
= (176)
δ
δxi
A
∑
A
∑
B 6=A
∞∑
l=0
∞∑
n=0
(−1)n
l!n!
[
1
2
vp
A
vp
B
ML
A
MN
B
∂LNR
−1
AB
]
+
∑
B6=A
∞∑
l=0
∞∑
n=0
(−1)n
l!n!
ML
A
MN
B
vp
A
vp
B
∂iLNR
−1
AB
−
∑
B6=A
∞∑
l=0
∞∑
n=0
(−1)n
l!n!
[(
M˙L
A
MN
B
+ML
A
M˙N
B
)
vi
B
∂LNR
−1
AB
+ML
A
MN
B
vi
B
vp
AB
∂pLNR
−1
AB
]
,
and
∑
B6=A
∞∑
l=0
∞∑
n=0
(−1)n
l!n!
(l + 1)ap
B
M iL
A
MN
B
∂pLNR
−1
AB
= (177)
δ
δxi
A
∑
A
∑
B 6=A
∞∑
l=0
∞∑
n=0
(−1)n
l!n!
(l + 1)vp
B
vqAM
qL
A
MN
B
∂pLNR
−1
AB
+
∑
B6=A
∞∑
l=0
∞∑
n=0
(−1)n
l!n!
[
(l + 1)vp
B
vqBM
qL
A
MN
B
− (n+ 1)vp
B
vq
B
ML
A
M qN
B
]
∂ipLNR
−1
AB
−
∑
B6=A
∞∑
l=0
∞∑
n=0
(−1)n
l!n!
(l + 1)
[
vp
B
(
M˙ iL
A
MN
B
+M iL
A
M˙N
B
)
∂pLNR
−1
AB
+ vp
B
M iL
A
MN
B
vq
AB
∂pqLNR
−1
AB
]
+
∑
B6=A
∞∑
l=0
∞∑
n=0
(−1)n
l!n!
(n+ 1)
[
aq
B
ML
A
M qN
B
+ vq
B
(
M˙L
A
M qN
B
+ML
A
M˙ qN
B
)]
∂iLNR
−1
AB
.
After replacing the above transformations of the accelerations in (168), the force F i
m
takes on the following form:
F i
m
= −δL4
δxi
A
− δL5
δxi
A
(178)
+
∑
B 6=A
∞∑
l=0
∞∑
n=0
(−1)n
l!n!
[
α˜iLN
m
∂LN + α˜
ipLN
m
∂pLN + α˜
ipqLN
m
∂pqLN +
(
α˜LN
m
+ β˜LN
m
+ γLN
m
)
∂iLN + α
pqLN
m
∂ipqLN
]
R−1
AB
,
where L4 has been derived previously in (169). A new contribution to the variational derivative reads
L5 =
∑
A
∑
B6=A
∞∑
l=0
∞∑
n=0
(−1)n
l!n!
[(
1 + γ +
l
2
)
v2
A
− (1 + γ)vp
A
vp
B
]
ML
A
MN
B
∂LNR
−1
AB
(179)
+
∑
A
∑
B6=A
∞∑
l=0
∞∑
n=0
(−1)n
l!n!
[lvp
A
− (l + 1)vp
B
] vk
A
MkL
A
MN
B
∂pLNR
−1
AB
,
and the PN coefficients which have been changed in F i
m
after the reduction of similar terms, are marked with tilde
and read,
α˜iLN
m
=
[
(l + 1)ML
A
M˙N
B
+ lM˙L
A
MN
B
]
vi
A
, (180)
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α˜ipLN
m
= (lvp
AB
− vp
B
) vi
A
ML
A
MN
B
−
(
M iL
A
M˙N
B
+ M˙ iL
A
MN
B
)
vp
A
, (181)
α˜ipqLN
m
= −vp
A
vq
AB
M iL
A
MN
B
,
α˜LN
m
= −1
2
[
v2
A
− (l + 1)v2
A
− (n+ 1)v2
B
]
ML
A
MN
B
,
β˜LN
m
= −MkL
A
MN
B
ak
A
. (182)
The coefficients αpqLN
m
and γLN
m
are not affected by the above transformations and remain the same as in (125) and
(129) respectively.
C. Transformation of the spin multipole terms in the force F i
s
In this section we transform the spin multipole-dependent force F i
s
given in (119) to the Lagrangian form. To this
end, we compute the following variational derivative,
δ
δxi
A
∑
A
∑
B 6=A
∞∑
l=0
∞∑
n=0
(−1)n
l!n!
vk
AB
εkpq
SqLA M
N
B
l + 2
∂pLNR
−1
AB
(183)
=
∑
B 6=A
∞∑
l=0
∞∑
n=0
(−1)n
l!n!
εipq
SqLA M˙
N
B
+ S˙qLA M
N
B
l + 2
∂pLNR
−1
AB
+
∑
B6=A
∞∑
l=0
∞∑
n=0
(−1)n
l!n!
εipq
M˙L
A
SqNB +M
L
A
S˙qNB
n+ 2
∂pLNR
−1
AB
+
∑
B6=A
∞∑
l=0
∞∑
n=0
(−1)n
l!n!
εipk
[
SkL
A
MN
B
l + 2
+
ML
A
SkN
B
n+ 2
]
vq
AB
∂pqLNR
−1
AB
−
∑
B6=A
∞∑
l=0
∞∑
n=0
(−1)n
l!n!
εkpq
[
SqLA M
N
B
l + 2
+
ML
A
SqNB
n+ 2
]
vk
AB
∂ipLNR
−1
AB
.
This formula, after having been compared with expression (119) for the spin multipole-dependent force F i
s
, elucidates
that the force can be exactly reduced to the variational derivative,
F
i
s
= −δL6
δxi
A
, (184)
where
L6 = 2(1 + γ)
∑
A
∑
B 6=A
∞∑
l=0
∞∑
n=0
(−1)n
l!n!
εpkqv
k
AB
SqLA M
N
B
l+ 2
∂pLNR
−1
AB
(185)
+ 2(1 + γ)
∑
A
∑
B 6=A
∞∑
l=0
∞∑
n=0
(−1)n
l!n!
εpkq
M˙kL
A
SqNB
(l + 1)(n+ 2)
∂pLNR
−1
AB
− (1 + γ)
∑
A
∑
B6=A
∞∑
l=0
∞∑
n=0
(−1)n
l!n!
SpLA S
qN
B
(l + 2)(n+ 2)
∂pqLNR
−1
AB
.
D. Reduction of the residual terms. Application of the virial theorem.
The post-Newtonian Lagrangian is obtained by replacing (141), (159), (162), (178), and (184) in the corresponding
terms of equation (134) of the inverse problem of the Lagrangian mechanics. This makes the right hand side of (134)
consisting of two groups of terms. The first group is represented in the form of the variational derivative from a
linear combination of scalars L1, L2,...,L6. The second group includes a few residual terms which have not yet been
represented in the form of the variational derivative. The goal of this subsection is to demonstrate that the residual
terms are also reduced to the variational derivative after some additional transformations.
39
First of all, we notice after inspection of structure of the residual terms that some of them can be directly converted
to the Lagrangian form. Indeed, the terms in the last line of (134) depending on the STF quadrupole moment M ijA
of the body A and its higher-order time derivatives can be written as
3
(
ak
A
M¨ ik
A
+ 2a˙k
A
M˙ ik
A
+ a¨k
A
M ik
A
)
=
d2
dt2
(
3ak
A
M ik
A
)
= −δL7
δxi
A
, (186)
with
L7 =
3
2
∑
A
Mpq
A
ap
A
aq
A
. (187)
Alternatively, the terms depending on the STF quadrupole moment M ijA of the body A and its higher-order time
derivatives can be removed from the equations of motion by making a post-Newtonian translation of the position of
the center of mass of body A with respect to the origin of the local coordinates. This is what we did in our paper
[18] to circumvent the appearance of possible spurious solutions of the equations of motion with higher-order time
derivatives [93]. However, since the acceleration-dependent terms (186) are fully reduced to the variational derivative
from the scalar L7, we prefer in the present paper to include them to the total Lagrangian of N-body problem instead
of making a complementary shift in the position of the center of mass of body A in addition to that shown in (149).
After putting together different pieces of the equations of motion given by equations (141), (159), (162), (178),
(184) and (186) and canceling similar terms, the equation of the inverse problem (134) acquires the following form
δL
δxi
A
=
δ
δxi
A
(
L1 + L2 + L3 + L4 + L5 + L6 + L7 + Lab + Labc
)
(188)
+
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)
.
Despite the fact that we have moved quite far in reducing equation (134) of the inverse problem to the integrable form,
the equation (188) still contains in the right hand side some residual terms that are not looking like the variational
derivative. Our goal is to find out a next chain of transformations which will bring these terms to the explicit form
of the variational derivative, thus, making equation (188) fully-integrable.
To this end, we notice that the residual terms in the second line of (188) can be reassembled as follows,
∑
B 6=A
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(189)
=
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,
where the last line was obtained by making use of the rotational equations of motion (70) for the spin dipole of body
A written in the reverse order,
∑
B 6=A
∞∑
l=0
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n=0
(−1)n
l!n!
MN
B
M
L[i
A ∂
p]LN
R−1
AB
=
1
2
εipqS˙
q
A
. (190)
Such a replacement of some terms in the post-Newtonian approximation with the help of the Newtonian equations
of motion for dynamic variables is fully legitimate as this is done on-shell in the configuration space of the dynamic
variables before derivation of the Lagrangian [19].
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Now, we algebraically split the second term in the last line of (189) in its symmetric and anti-symmetric parts,
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, (191)
and make use of (190) once again to replace the anti-symmetric piece with the time derivative from the spin Si
A
of
body A. The symmetric piece in (191) is transformed on-shell to a set of intrinsic dynamic variables by applying a
tensor virial theorem (A24) which is explained in Appendix A in more detail. Adding the results of these on-shell
transformations all together yields,
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where the intrinsic dynamic variables גipA , T
ip
A , U
ip
A , S
ip
A are the volume integrals performed over volume of body A as
defined in (A16)–(A19) of Appendix A.
This reveals that all residual terms in the right hand side of (188) are fully reduced to the Lagrangian form,
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where
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It is instructive to recast L8 by making use of tensor virial theorem (A24). It yields
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where we have introduced a shorthand notation for a virial tensor function of a single body A
Kpq
A
≡ 1
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.
Notice that function KpqA vanishes on-shell due to the virial theorem (A24) but it must be kept in the Lagrangian as
the variational derivative from KpqA is not nil.
VII. LAGRANGIAN OF N-BODY PROBLEM
A. Lagrangian L with the multipoles defined in the global frame
Results of the previous section demonstrate that the right hand side of equation (78) of the inverse problem of the
Lagrangian mechanics can be put to the Lagrangian form which means that (78) is reduced to a fully integrable form,
δL
δxi
A
=
δ
δxi
A
(
La + Lab + Labc
)
, (197)
41
where we have denoted
La ≡ L1 + L2 + L3 + L4 + L5 + L6 + L7 + L8 , (198)
and Lab, Labc are given in (152)–(154). We can now integrate equation (197) and obtain the post-Newtonian La-
grangian L of the translational equations of motion of bodies with arbitrary mass and spin multipole moments
expressed in the global G-frame. The Lagrangian is a linear combination of several components,
L = La + Lab + Labc +
dF
dt
, (199)
where F ≡ ∑
A
fA(t,xA,vA) is an arbitrary function of coordinates and velocity of the bodies describing the gauge
freedom in definition of the Lagrangian [19, 103]. This function is omitted from subsequent discussion as it does not
contribute to the equations of motion. Nonetheless, the reader should keep in mind that different choices of the gauge
function F yield dissimilar forms of the Lagrangian which can make more difficult the comparison with the results of
other authors .
The explicit form of La is
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,
where mA being the post-Newtonian (Tolman) mass in general relativity defined in (42), the multipole moments
ML
A
and ML
B
are defined by (98), (102) in the G-frames on the world lines of the corresponding bodies. They are
Blanchet-Damour multipoles [73] in scalar-tensor theory for all l ≥ 0 including the mass monopole.
There are several points to comment on.
1. The Lagrangian L is identical to the Fokker Lagrangian which would have been obtained by integrating the
action of the scalar-tensor field theory. All external and internal dynamic variables of the Lagrangian L are
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unequivocally computed in a single global G-frame. The multipole moments entering the Lagrangian are the
Blanchet-Damour multipole moments [73] extended to tensor-scalar theory [13, 14].
2. The Lagrangian L depends on accelerations of the bodies. The linear acceleration terms associated with spin
of body A and its quadrupole moment have been known [52, 53, 59]. We have extended these results to the
multipoles of higher order.
3. The Lagrangian L also depends on terms being quadratic with respect to accelerations of the bodies which
couple with the quadrupole moments of the bodies. The quadratic-acceleration term means that the Hessian of
L computed with respect to the accelerations is non-degenerate. This brings about the Ostrogradsky instability
[104, 105] that may be problematic in some applications. It is tempting to replace the accelerations of bodies in
the Lagrangian with the equations of motion from the lower-order approximation. This is a legitimate procedure
in action-based gravitational theories but it leads to an implicit (and, hence, uncontrolled) change in the original
coordinates used for derivation of equations of motion and the laws of conservation [30, 45, 106]. Correct
mathematical procedure of elimination accelerations and higher-order time derivatives from the Lagrangians
relies upon the method redefinition of position variables [91] which is a generalization of the method of the
"double zero" proposed by Barker and O’Connell [53]. We notice that the quadratic acceleration terms can be
also removed from the Lagrangian L by redefinition of the center of mass of body A – see [18, section IX.6].
4. The Lagrangian L explicitly depends on the non-canonical multipoles like ℵL
A
which are multipole extension of
the second moment of inertia ℵA of body A depending on the finite radius of the body. This fact has been
noticed by Nordtvedt [107]. The moment of inertia for a compact body ℵA ≃ G2m2A/c4, where mA is the Tolman
mass of the object. Since the moment of inertia ℵA appears in the post-Newtonian Lagrangian explicitly, the
finite-size effects of compact bodies enter dynamics at the 3PN (∼ c−6) order. This conclusion is valid, however,
only in the scalar-tensor theory with the parameter β 6= 1. In general relativity β = 1 so that all terms with
the moment of inertia ℵA vanish in the equations of motion (see section VIII E for the details) that postpones
the appearance of the finite-size effects in general relativity to the 5PN (∼ c−10) order. Previous results of
some other researchers, for instance, [24, 108–110], suggested that 1PN equations of motion in general relativity
do depend on the moment of inertia ℵA of the bodies (not associated with spin). These results are based on
underdeveloped mathematical technique and are unjustified as the authors of the papers [24, 108–110] did not
take into account that physical moment of inertia ℵA must be calculated in the local coordinates adapted to
body A but not in the global coordinates [14, 50, 111].
5. The Lagrangian La depends on tensor function K
pq
A given in (196) which explicitly includes the integral char-
acteristics of the bodies depending on their specific internal structure – the second symmetric moments גijA ,
the kinetic energy of the internal motion of matter TijA , the potential energy of gravitational field U
ij
A , and the
integral of stresses SijA – see their definitions in Appendix A. It can make an impression that the Lagrangian
L can be applied only to the bodies with the known internal structure. However, this is not true since, after
taking the variational derivative, function KpqA = 0 on-shell due to the virial theorem and, thus, does not enter
explicitly the results of all possible applications like computation of the equations of motion or conserved quan-
tities. Furthermore, the explicit dependence on the integrals characterizing the internal structure of the bodies
can be completely removed from the Lagrangian by switching from the internal dynamic variables (multipoles)
expressed in the global G-frame to physical multipoles computed in the local L-frame along with applying the
virial theorems (A25), (A24) for transformation of gravitational masses MA of the bodies. This procedure is
worked out in next section.
B. Lagrangian L with the multipoles defined in the local frame
1. Gauge transformation of the internal dynamic variables
This section solves the inverse problem in the form of equation (79) with the Lagrangian L expressed in terms of
the physical multipoles defined in the local L-frame of each body. First of all, we transform the monopole which is
the gravitational mass MA given by equation (98) for index l = 0. It reads
MA = mA + ηUA + γ (2TA + UA +SA) +
1
6
ℵ¨A − (1 + γ)2
3
ℜ˙A , (201)
where, mA, is the Tolman mass, a constant coefficient η = 4β − γ − 3 is known as the Nordtvedt parameter [68],
the quantities ℵA and ℜA are scalar non-canonical monopoles defined in (96) and (99), the integrals TA, UA, ℵA, SA
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characterize the internal structure of the body A as explained in equations (A6), (A7), (A20) and (A21) respectively.
Accounting for the relationship, ℵ¨A = 2ℜ˙A, and applying the virial theorem (A25) we bring (201) to the following
form
MA = mA + η UA +
1
6
(γ − 1)ℵ¨A − γ

KA +∑
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−1
AB

 , (202)
where the scalar function KA is the trace of tensor function K
pq,
KA = K
pp
A
=
1
2
ℵ¨A − 2TA − UA −SA −
∑
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MN
B
∂LNR
−1
AB
. (203)
Function KA vanishes on-shell but must be kept explicitly in the Lagrangian as its variational derivative does not
disappear.
The terms in the square brackets of (202) are of the post-Newtonian order of magnitude. Hence, the dipole (l = 1)
term in the sum could, in principle, be neglected as it is of the post-Newtonian order of magnitude itself. Expression
(202) helps us to understand that in case of general relativity, when parameters γ = β = 1, η = 0, the inertial, mA,
and gravitational, MA, masses are identical for spherically-symmetric bodies in complete agreement with the strong
principle of equivalence (SEP). In scalar-tensor theory of gravity the two masses are not identical – mainly due to
the self-gravity term ηUA in (202) – and the difference between them causes violation of the SEP that was first noted
by Nordtvedt [112, 113, 114]. Testing this violation in the Earth-Moon system and binary pulsars is one of the most
effective experimental probes for detecting the presence of a hypothetical long-range scalar fields in nature [114–123].
Our calculations reveal that there is a non-static term contributing to the SEP violation. Indeed, according to (202)
the gravitational mass MA of body A disagrees with its inertial mass mA not only due to the static Nordtvedt effect
(term with η) but also because the body’s moment of inertia ℵA (defined in (A20)) changes in the course of time (for
example, radial pulsations of star) and/or due to a tidal gravitational interaction.
Let us introduce new notation for the G-frame multipoles
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A
≡
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
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1
6
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, (l ≥ 1)
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which allows to decompose the Newtonian gravitational energy as follows
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is the Newtonian potential of all bodies being external to body A.
Now, we consider a linear combination of three terms
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which appears in the Lagrangian La along with function KA emerging after transfromation (202). We take the
variational δ-derivative from W in the sense of equation (73). It yields
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where we have accounted for the fact that after taking the variational derivative functions KpqA = KA = 0 and
KpqB = KB = 0 on-shell due to the virial theorem but their partial derivatives do not vanish. After developing the
partial derivatives in (208) by using definitions (196), (203), we get
δW
δxi
A
=
∑
B 6=A
∞∑
l=0
∞∑
n=0
(−1)n
l!n!
MˆL
A
MˆN
B
∂iLNR
−1
AB
(209)
− 1
2
∑
B 6=A
∞∑
l=0
∞∑
n=0
(−1)n
l!n!
(
vk
A
vp
A
MkL
A
MN
B
− vk
B
vp
B
ML
A
MkN
B
)
∂ipLNR
−1
AB
− 1
2
∑
B 6=A
∞∑
l=0
∞∑
n=0
(−1)n
l!n!
(
vk
A
vpAℵLAMNB
2l+ 3
+
vk
B
vpBM
L
A
ℵN
B
2n+ 3
)
∂ikpLNR
−1
AB
+ γ
∑
B 6=A
∞∑
l=0
∞∑
n=0
(−1)n
l!n!
[
lU¯(xA)M
L
A
MN
B
+ nU¯(xB)M
L
A
MN
B
]
∂iLNR
−1
AB
.
However, the right hand side of (209) is equivalent (up to the relativistic precession term) to the transformation (104)
of the Newtonian gravity force due to the conversion of the multipoles from the global to local frame. Making use of
the inverse transformations (94), (95) of the G-frame multipoles MˆL
A
to L-frame multipoles
M
L
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where IL
A
are given by (33), we find out that all terms in the right hand side of (209) cancel out with the corresponding
terms from the multipole transformation formulas and it reduces to a simple Newtonian-like form
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where the matrix F kpA of the relativistic precession is a solution of the precessional equation (69), and we replaced the
G-frame multipoles ML
A
with their L-frame counterparts ML
A
.
Now, we define function
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that is similar but not identical to function W in which the relativistic frame transformation of multipoles (94) from
the global to local frame has been performed. The frame-transformed function W differs from W by terms depending
on the internal structure of bodies which are not present explicitly in W. Applying the variational d-derivative to W
in the sense of equation (76) (that is the moments ML
A
do not vary) we find out that
δW
δxi
A
=
dW
dxi
A
. (213)
This equation allows us to transform the Lagrangian L with the mass multipoles ML
A
defined in the global frame to
the Lagrangian L with the mass multipoles ML
A
defined in the local frame. More specifically, we make use of the
transformations of the Newtonian potential energy described above and use them to replace the corresponding terms
in the Lagrangian L from previous section. It yields the Lagrangian L with all physical multipoles expressed in the
local frame of the bodies.
2. Lagrangian
The Lagrangian of N-body problem with all multipoles expressed in the local frame of each body is given by equation
L = La + Lab + Labc , (214)
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where
La =
1
2
∑
A
[
mA
(
1 +
1
4
v2
A
)
v2
A
+ 3Mpq
A
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A
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A
− εkpqakAvpASqA
]
(215)
+
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∞∑
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∞∑
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,
where mA being the post-Newtonian (Tolman) mass of body A in general relativity defined in (42), the mass multipole
moments ML
A
and the spin multipoles SL
A
are respectively defined by (32) and (40) in the L-frames of the body A,
and the non-canonical multipoles NL
A
are given in (35). Notice that the multipoles ML
A
are the scalar-tensor variant
of the Blanchet-Damour multipoles [73] only for l ≥ 1. The monopole MA (l = 0) is not the Blanchet-Damour mass
but a generalization of the Tolman mass in scalar-tensor theory of gravity found by Nordtvedt [113].
The terms Lab and Labc in (214) are given by combining equation (152) along with the very last term in the right
hand side of the transformation equation (205). We have
Lab =
∑
A
∑
B 6=A
[
(1− β) ΦAB − 1
2
ΦAB − γ
∞∑
l=0
∞∑
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∞∑
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l(−1)k+s
l!k!s!
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(
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AB
) (
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)]
, (216)
Labc =
∑
A
∑
B 6=A
∑
C 6=A,B
[
(1− β) ΦABC − 1
2
ΦABC − γ
∞∑
l=0
∞∑
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, (217)
where functions
ΦAB =
1
2
∞∑
l=0
∞∑
n=0
∞∑
k=0
∞∑
s=0
(−1)k+s
l!n!k!s!
[
ILN
A
MK
B
MS
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+ IKS
B
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A
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] (
∂LKR
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) (
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)
, (218)
ΦABC =
1
3
∞∑
l=0
∞∑
n=0
∞∑
k=0
∞∑
s=0
(−1)k+s
l!n!k!s!
[
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A
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)
(219)
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+ ILN
B
MK
C
MS
A
(
∂LKR
−1
BC
) (
∂NSR
−1
BA
)
+ ILN
C
MK
A
MS
B
(
∂LKR
−1
CA
) (
∂NSR
−1
CB
)]
,
and the symmetric (not STF) moments IL
A
have been introduced in (36). We have extracted in (216), (217) the terms
being proportional to the factor (1− β) since these terms originate from the presence of self-interaction of the scalar
field and characterize its strength in scalar-tensor theories. It is these terms which lead to the appearance of dipole
tidal effects in the scalar-tensor theories of gravity as has been recently pointed our by [80]. Susceptibility of each
body A to the dipolar tidal field is characterized by the deformability parameter λ
(s)
A introduced in (49).
We emphasize that the variational derivative that must be applied to the Lagrangian L in (214) is d-derivative
introduced in (76). The two Lagrangians L in (199) and L in (214) are equivalent in the sense of the identity (80) that
is they both yield the same equations of translational motion (50)–(68). It is interesting to notice that the Lagrangian
L can be obtained from the Lagrangian L by formally replacing the G-frame multipoles MˆL
A
to the L-frame multipoles
M
L
A
and using the virial theorems to nullify functions KpqA and KA. Indeed, the Lagrangian L is a function of the G-
frame multipoles, L = L
[
MˆL
A
]
while the Lagrangian L is a function of the L-frame multipoles, L = L
[
M
L
A
]
. Previous
section tells us that 6
L
[
MˆL
A
]
= L
[
MˆL
A
]
+
1
2
∑
A
Kpq
A
vp
A
vq
A
− γ
∑
A
KAU¯(xA) , (220)
where functions KpqA and KA vanish on-shell due to the virial theorem, which is the equation of motion for the
internal variables. Hence, it is tempting to take KpqA = KA = 0 in (220), and render a formal replacement Mˆ
L
A
→ML
A
that makes the impression that L = L. However, this procedure is not a right way to establish the correspondence
between the two Lagrangians. In fact, it is illegitimate since the virial theorem is valid solely on-shell and the
equality KpqA = KA = 0 is not allowed in the Lagrangian before taking a variational derivative from the Lagrangian
[91]. Moreover, replacing the multipoles from one frame to another is not a matter of changing their labels but a
corresponding mathematical transformation. The correct procedure of establishing the correspondence between the
two Lagrangians must rely upon the legitimate transformations and application of the variational derivatives in the
way explained in previous section VIIB 1. The Lagrangians are equivalent in the sense of the equivalence of two
variational derivatives
δ
δxi
A
L
[
MˆL
A
]
=
d
dxi
A
L
[
M
L
A
]
, (221)
as have been discussed in section IIID. The role of the virial theorem in derivation of the Lagrangian of N-body
problem with all multipoles taken into account and its importance for making a correct gauge transformation of the
multipolar Lagrangian from one frame to another has not been pointed out previously in works of other researchers.
The Lagrangian L with the physical multipoles ML
A
defined in the local frame of each body is more preferable in
astrophysical applications as it contains the least number of terms depending on the internal structure of the bodies.
The most important for gravitational wave astronomy are binary systems consisting of two objects of comparable
masses. We discuss the Lagrangian L of such two-body system in next section.
VIII. LAGRANGIAN OF A BINARY SYSTEM
Two-body system is probably the most interesting case for gravitational wave astronomy. The inspiralling compact
binaries are main sources of gravitational wave signal for present-day and near-future generations of gravitational-wave
observatories [5, 124]. Current model of inspiralling compact binary treats the bodies of the system as pole-dipole
particles with constant mass and precessing spin. This model is tractable for analytic computations up to the 4PN
approximation and was extensively used to construct a bank of templates of waveforms [125, 126]. At the latest stages
of coalescence tidal and rotational deformations of the bodies in the binary become so significant that the pole-dipole
model is getting no longer accurate and should be extended to include higher-order multipoles in the Newtonian and
post-Newtonian approximations [10, 11, 58, 85]. This section presents the Lagrangian L for description of the orbital
evolution of two-body system with all mass and spin multipole moments of the bodies taken into account.
6 We ignore the matrix of the relativistic precession here.
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A. General Formula
In case of two-body system, A={1,2}, the post-Newtonian three-body interaction Lagrangian Labc vanishes, and
the overall Lagrangian is simplified to a linear sum of two terms
L = La + Lab . (222)
The first term in (222) reads
La =
1
2
m1
(
1 +
1
4
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.
where the multipoles ML1 ,M
L
2 are given by (210), R ≡ R12 = |x1 − x2|, all partial derivatives from R are taken with
respect to x1 like ∂iR = ∂R12/∂x
i
1, a dot between two spatial vectors denote their Euclidean dot product while a
cross between two vectors does the Euclidean cross product. The second piece of the Lagrangian (222) is
Lab = (1− β)
∞∑
l=0
∞∑
n=0
1
l!n!
[
ILN1 P1LP1N + I
LN
2 P2LP2N
]
(224)
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,
where we have singled out the piece of the Lagrangian which is generated exclusively by the self-interaction of the
scalar field having external multipole moments P1L and P2L produced by the first and second body respectively.
Definition of the external scalar multipoles has been given in (24) and reads more explicitly as
P1L =
∞∑
k=0
(−1)k
k!
M
K
2 ∂LK
(
1
R
)
, P2L = (−1)l
∞∑
k=0
1
k!
M
K
1 ∂LK
(
1
R
)
. (225)
Formally, the structure of the term with the coefficient 1 − β in (224) is identical with the second term in the right
hand side of this equation but the physical meaning of the two terms is drastically different because the second term
in (224) describes exclusively the effects of general relativity.
In what follows, we consider a series expansion of the Lagrangian (222) with respect to the degrees of multipole
order more explicitly, and write this series as
L = Lm + Ld + Lq + . . . , (226)
where Lm contains only monopole terms, Ld includes dipole terms, Lq takes in quadrupole terms while the terms of
higher multipole order are denoted with a lower dots symbol.
B. Monopole approximation
The monopole part Lm of the Lagrangian corresponds to the case of massive bodies treated as structureless point-like
particles. It consists of all terms in (222)-(224) constrained to the value of indices l = n = 0. It reads,
Lm =
1
2
m1v
2
1
(
1 +
1
4
v21
)
+
1
2
m2v
2
2
(
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1
4
v22
)
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2
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r
]
M1M2
R
(227)
+
[
(2γ + 1)
(
v21 + v
2
2
)− (3 + 4γ) (v1 · v2)− (n · v1)(n · v2)]m1m2
2R
,
where the gravitational mass MA (A=1,2) is defined in (210) for the value of index l = 0. Notice that the term with
the parameter β comes from the Lagrangian Lab describing the nonlinear interaction of the external scalar field.
Because MA is not equal to the Tolman mass mA the Newtonian dynamics is modified as pointed out by Nordtvedt
[127, 128]. We have neglected the difference between MA and mA in the post-Newtonian terms of (227) as it leads to
the residual terms of the 2PN order. Notice that our treatment of the SEP accounts for the effects of non-stationarity
of orbiting bodies 7 which can be important in the treatment of dynamical tides in coalescing binary systems beyond
the adiabatic tidal approximation in scalar-tensor theory [80, 82].
The Lagrangian (227) for monopole massive particles has been derived independently many times by various re-
searchers who have also used different mathematical techniques. Among these derivations the most notable works
are by Lorentz and Droste [129] and Fichtenholtz [130] who had derived the Lagrangian Lm from EIH equations of
motion (see also [81, §106]). PPN parameter γ has been introduced to the Lagrangian Lm by Estabrook [131]. Later
on, PPN parameter β was added to the Lagrangian of point-like bodies by Will [68] and by Barker and O’Connell
[132]. We notice that the β − γ Lagrangian written by Will [68, Eq. (6.80)] treats the inertial and gravitational
masses entering the Lagrangian as being equal while Barker and O’Connell [53] clearly distinguish the inertial and
gravitational masses to take into account the Nordtvedt effect.
C. Dipole approximation
The dipole part Ld of the Lagrangian includes the active mass dipole moments M1 =
(
M
i
1
)
, M2 =
(
M
i
2
)
of the
bodies, the scalar tidal dipoles D1 =
(
Di1
)
, D2 =
(
Di2
)
introduced in (48), and the body’s spin S1 =
(
Si1
)
, S2 =
(
Si2
)
.
7 See the presence of the second time derivative term in definition of MA in equation (210).
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It consists of two parts
Ld = Ldm + Lds , (228)
where
Ldm =
[
m1 (n ·M2)−m2 (n ·M1)
] 1
R2
+
[
m1 (n ·D2)−m2 (n ·D1)
] 1
2R2
, (229)
is the mass dipole part of the Lagrangian, and
Lds =
1
2
a1 · (S1 × v1) + 1
2
a2 · (S2 × v2) + (1 + γ)
[
n · (S1 × v) m2
R2
+ n · (S2 × v) m1
R2
]
(230)
+
1
2
(1 + γ)
[
S1 · S2 − 3(n · S1)(n · S2)
] 1
R3
,
is its spin dipole part. Here, the unit vector n = (ni), ni = Ri/R, Ri = xi1 − xi2, the relative velocity v = (vi),
vi = vi1 − vi2, the dot between two spatial vectors denote their Euclidean dot product and the cross "×" between
vectors is the Euclidean cross product. It is worth noticing that the part of Ldm with the scalar dipole moments D
i
is taken from the first term in (224) which is proportional to 1− β.
In general relativity the particle dipole approximation refers merely to spins of the bodies and the dipole Lagrangian
of general relativity includes only Lds. The mass dipole moments of the bodies in general relativity depend merely
on the displacement between the origin of body’s local coordinates and its center of mass. Thus, the mass dipole is
not physical and vanishes in general relativity if the origin of the local coordinates is chosen at the center of mass of
the body. In scalar-tensor theory of gravity the definition of the center of mass of each body A is given in terms of
the conformal dipole moment Ji
A
, introduced above in (45), while the gravitational force in the equations of motion is
governed by the active multipole moments of the bodies. The active dipole moment Mi
A
of body A (A=1,2) is taken
from (210) and (33) for l = 1, and reads
M
i
A
=
∫
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σˆ(u,w)wid3w + ηUi
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(
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)
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10
N¨i
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− 3
5
(1 + γ)R˙i
A
, (231)
where the general-relativistic mass density σˆ(u,w) is defined in (43), and vector integrals Ti
A
, Ui
A
, Si
A
depend on the
internal distribution of matter as explained in Appendix A3. The dipole Mi
A
does not vanish even if the conformal
dipole moment Ji
A
= 0. Indeed, the very first term in the right hand side of (231) can be computed from the condition
Ji
A
= 0 by taking into account definitions (45) and (148),∫
VA
σˆ(u,w)wid3w =
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1
(l − 1)!QLM
iL
A
− 1
2
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1
(2l + 3)l!
QiLN
L
A
, (232)
where the external gravitoelectric moments QL have been defined in (21). Replacing (232) in (231) and making use
of vector virial theorem (A15) we get
M
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QiLN
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A
]
, (233)
which demonstrates the presence of the Nordtvedt effect in the dipolar approximation of the scalar-tensor theory of
gravity. Notice that Mi
A
= 0 for spherically-symmetric bodies because all terms in the right hand side of (233) are
integrals which angular part vanishes in case of the spherical symmetry except of NA. However, this terms couples
with the local non-geodesic acceleration Qi which is nil for spherically symmetric bodies. This consideration reveals
that the active mass dipole Mi
A
is sufficiently small in practical situations and can be neglected in most cases.
Nevertheless, the scalar tidal dipole Di does not vanish and gives contribution to Ldm which stems from the dipolar
part of the term being proportional to 1−β in (224). According to definition (48), the scalar tidal dipole is proportional
to the moment of inertia NA coupled with the external scalar dipole Pi and reads
Di1 = −λ(s)1 m2
ni
R2
, Di2 = λ
(s)
2 m1
ni
R2
(234)
where λ
(s)
1 , λ
(s)
2 are the scalar deformabilities of the bodies (49). It allows to get an explicit form of the tidal scalar
dipole part of the Lagrangian,
L
(s)
dm =
m21λ
(s)
2 +m
2
2λ
(s)
1
2R4
. (235)
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It brings about the tidal dipolar effects which measurement can be used in order to put additional constraints on the
parameters of the scalar-tensor theory by gravitational-wave detectors [80]. Equations of motion with the scalar tidal
dipole effects included, are obtained from the Lagrangian Ldm after taking the variational derivative. It yields
m1a
i
1 = −
M1M2
r2
ni − 2
[
m21λ
(s)
2 +m
2
2λ
(s)
1
] ni
R5
, (236)
m2a
i
2 = +
M1M2
r2
ni + 2
[
m21λ
(s)
2 +m
2
2λ
(s)
1
] ni
R5
. (237)
The relative acceleration ai = ai1 − ai2 of the two bodies is
ai = −αmn
i
R2
− 2
[
m2
m1
λ
(s)
1 +
m1
m2
λ
(s)
2
]
mni
R5
, (238)
where m = m1 + m2 is the total gravitational mass of the system and the parameter α = M1M2/m1m2 characterizes
the Nordtvedt effect. Equation (238) coincides in the post-Newtonian approximation with similar formula derived by
Bernard [80, eq. 7] after accounting for the definitions of the PPN parameters and the sensibility of the bodies.
The spin dipole part of the Lagrangian, Lds, has been derived by Brumberg [24] in general relativity who used the
harmonic gauge but replaced the body’s accelerations with the Newtonian equations of motion in the Lagrangian.
It was Damour [52] who included the acceleration-dependent part to the Lagrangian Lds in general relativity while
Barker and O’Connell [53] extended this Lagrangian (230) to the case of scalar-tensor theory of gravity and developed
the method of the double zero to eliminate the acceleration-dependent terms from the Lagrangian without imposing
an implicit gauge transformation. Barker and O’Connell [54] have also analyzed the structure of the spin-dipole
Lagrangian under different spin complementary conditions and in different post-Newtonian coordinates.
D. Quadrupole approximation
The quadrupole approximation includes all terms depending on mass and spin quadrupole moments of the bodies.
The quadrupole Lagrangian consists of three pieces
Lq = Lqm + Lqs + Lqa . (239)
Here, the first term in (239) is the mass quadrupole Lagrangian
Lqm =
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.
The second term in the right hand side of (239) is the spin quadrupole Lagrangian
Lqs = 2(1 + γ)
[
m2S
pq
1 −m1Spq2
] (n× v)pnq
R3
. (241)
that coincides exactly with the corresponding Lagrangian derived recently by Banihashemi and Vines [133, Eq. 29].
The third term in the right hand side of (239) describes the acceleration-dependent part of the mass quadrupole
Lagrangian
Lqa =
3
2
(
M
pq
1 a
p
1a
q
1 +M
pq
2 a
p
2a
q
2
)
+ (m1M
pq
2 a
p
2 −m2Mpq1 ap1)
nq
R2
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1
3
(m1N2a
p
2 −m2N1ap1)
np
R2
. (242)
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which can be reduced to a "canonical" form depending only on the coordinates and the first time derivatives of the
dynamic variables.
More specifically, the terms depending quadratically on accelerations in the Lagrangian (242) can be eliminated by
applying the method of the double zero having been worked out by Barker and O’Connell [53]. Let us introduce two
functions
Zi1 ≡ ai1 +
m2
R2
ni , (243a)
Zi2 ≡ ai2 −
m1
R2
ni , (243b)
where we have used the monopole approximation for gravitational force as it is sufficient in the quadrupole approxi-
mation. These functions vanish on-shell but they are non-vanishing if the equations of motion are not implied.
Equations (243) allows us to recast the Lagrangian (242) to the following form
Lqa =
3
2
(Mpq1 Z
p
1Z
q
1 +M
pq
2 Z
p
2Z
q
2) + 4 (m1M
pq
2 a
p
2 −m2Mpq1 ap1)
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− 3
2
(
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2 +m
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) npnq
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(244)
+
1
3
(m1N2a
p
2 −m2N1ap1)
nq
R2
.
The products Zp1Z
q
1 and Z
p
2Z
q
2 are the double-zero terms [45, 53] with the property that each factor in the product
vanishes on-shell independently one from another. Therefore, the double-zero terms do not contribute to the equations
of motion after taking the variational derivative and can be discarded from the Lagrangian.
Terms which are linear with respect to accelerations in the Lagrangian can be eliminated with the help of the
Leibniz chain rule by interchanging time derivatives in each term of (244) which depends on acceleration linearly. For
example,
m2M
pq
1 a
p
1
nq
R2
=
d
dt
[
m2M
pq
1 v
p
1
nq
R2
]
− m2M˙pq1 vp1
nq
R2
−m2Mpq1 vp1
vq
R3
+ 3m2M
pq
1 v
p
1
(n · v)nq
R4
, (245)
and similar procedure is applied to other terms in (244). After employing (245) the total time derivative appears in
the Lagrangian (244) but it has no effect on the equations of motion of the bodies and, as such, can be discarded. The
remaining terms do not depend on accelerations and can be combined with similar terms in Lqm. The elimination of
the acceleration-dependent terms from the Lagrangian may be useful under certain circumstances and for comparison
with the Lagrangians derived by other authors.
E. Comparison of the quadrupole Lagrangians of different authors
First attempt to derive the post-Newtonian Lagrangian of N-body system with accounting for the quadrupole
moments of the bodies had been undertaken by Brumberg [24] who conducted calculations in global coordinates.
Brumberg used the Newtonian definition of the center of mass of the bodies and the multipoles defined in the global
coordinates. For these reason, Brumberg’s Lagrangian is expressed in terms of not physically-measurable quantities
and has a lot of coordinate-dependent effects which are formidably difficult to track down. In particular, reduction
of Brumberg’s Lagrangian to the case of spherically-symmetric bodies lead to the appearance of the finite-size effects
depending on the moments of inertia of the bodies but they can be eliminated after transformation of body’s multipoles
to the local coordinates as pointed out by Vincent [111] and detailed in [50, section 6.3.3]. The unphysical definitions
of the center of mass and body’s multipoles inhibit the range of practical applications of Brumberg’s Lagrangian in
astrophysics and relativistic celestial mechanics.
More recently, Xu et al. [134], Wu et al. [135] have striven to derive the post-Newtonian Lagrangian in quadrupole
approximation by applying the DSX-formalism [64, 72] of the local coordinates in N-body problem. However, they
obtained equations of motion that significantly diverge from two subsequent and completely independent analytic
derivations by Racine and Flanagan [15], Racine et al. [16] and Kopeikin [18] who came up to exactly the same result.
We could not track down the origin of the disagreement and do not comment on the Lagrangian corresponding to the
equations derived by Xu et al. [134], Wu et al. [135].
The post-Newtonian Lagrangian LVFqm of two-body problem in the mass quadrupole approximation has been worked
out by Vines and Flanagan [56] from the equations of motion having been derived previously in [15, 16] for N bodies
possessing all mass and spin multipoles. Later on, the quadrupole Lagrangian LSqm has been derived by Steinhoff
et al. [58] in the framework of the effective field theory [89]. It was shown [58] that the two Lagrangians differ by a
total time derivative
LVF = LS +
dF
dt
, (246)
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where the function F is shown in [58, Eq. 3.13]. Since the difference between the two Lagrangians is a total time
derivative, the Lagrangians LVF and LS are effectively the same. For computational reasons the Lagrangian LS is
more convenient for the comparison with our Lagrangian L which will be done under simplifying assumption that the
first body is characterized by both mass and quadrupole moment while the second body has only mass. We shall also
reduce our expressions to general relativity so that the parameters β = γ = 1 yielding η = 0.
The Lagrangian LS reads
LS = Lpm − VEQ , (247)
where Lpm is the point particle (monopole) Lagrangian, the quadrupole potential VEQ is given in [58, Eq. 3.11], and
we neglected for the sake of simplification the spin and quadrupole-quadrupole (tidal) terms. Following the paper [58]
we denote masses of the first and second body, m1 and m2, and the quadrupole moment of the first body Q
ij 8. The
second body is assumed to be point-like mass m2 having no internal structure. Then, the monopole Lagrangian
Lpm =
1
2
m1v
2
1
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1
4
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+
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2
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2
2
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4
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[
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(248)
+
(
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R
,
and the quadrupole Lagrangian
VEQ = −m2Q
pq
2R3
[
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,
where notations for coordinates, velocities and accelerations are the same as in our equation (240).
Our Lagrangian
L = Lm + Lq . (250)
has the monopole term
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1
2
m1v
2
1
(
1 +
1
4
v21
)
+
1
2
m2v
2
2
(
1 +
1
4
v22
)
+
[
3
(
v21 + v
2
2
)− 7 (v1 · v2)− (n · v1)(n · v2)]m1m2
2R
(251)
+
(
1− m1 +m2
2R
)m1m2
R
.
which is identical to (248) under condition that masses m1 = m1, m2 = m2 are the Tolman masses of the bodies. The
quadrupole Lagrangian in (250) reads
Lqm =
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2R3
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M
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kp
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) [
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,
where we have neglected the acceleration of the second body.
Subtracting the Lagrangian (247) from our Lagrangian L given in (250) yields
L− LS = −2m2
R3
M
pq
1 v
p
1
[
vq − 3nq (n · v)
]
− 2m2
R2
M˙
pq
1 v
p
1n
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m22
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1 (253)
+3m2F
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)
,
8 Notation Qij is used by convention to denote the quadrupole induced by tides cause by the presence of a second body [56, 58]. It should
not be confused with the gravitoelectric external multipole Qij
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where v = (vp) is the relative velocity, vp = vp1 − vp2 . The right hand side of (253) can be rearranged to a different
form depending explicitly on a double zero term and a total time derivative
L− LS = MpqZp1Zq1 −
d
dt
[
2
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pq
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p
1n
q
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+
1
2
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, (254)
where Zp1 is a vector function given in (243a) that vanishes on-shell. Here, the double zero term M
pqZp1Z
q
1 can be
discarded as the variational derivative from this term vanishes on-shell so that it does not contribute to the equations
of motion [53, 91]. The term with the total time derivative can be discarded for the same reason. The matrix of
relativistic precession can be eliminated by choosing the local frame of reference rotating with the angular velocity
compensating the precession [50]. This was the choice made in [56, 58]. Therefore, the only principal difference which
remains principal between our Lagrangian L and that derived in papers [56, 58] is in the terms which are proportional
to the moment of inertia and the double acceleration. However, after taking the variational derivative these terms are
reduced to a second time derivative in the equations of translational motion
d
dxi
[
1
2
M
pq
1 a
p
1a
q
1 −
N1m2
3R2
(
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p +
m2
2R2
)]
=
d2
dt2
[
m2
R2
I
ip
1 n
p
]
, (255)
that is equivalent to adjusting the worldline of the center of mass of the first body, and is a purely coordinate effect.
Effectively, equation (255) provides a proof that the finite-size effects due to the moment of inertia N of the bodies,
do not appear in the post-Newtonian equations of motion in general relativity.
IX. CONCLUSION
We have derived the post-Newtonian Lagrangian for translational motion of N bodies in an isolated astronomical
system. The Lagrangian includes all mass and spin multipoles of the bodies along with their time derivatives and
significantly extends the results of previous studies which were limited to the pole-dipole-quadrupole particles. The
Lagrangian is given in two forms with the multipoles expressed either in the global or local coordinate frames. We
have compared our Lagrangian in the pole-dipole-quadrupole approximation to the results of previous works of other
researchers and observed that they are consistent up to the gauge transformation of the Lagrangian. The resulting
Lagrangian of the present paper does not include the Lagrangian Lint for internal (rotation, pulsation, etc.) motions
of matter inside the bodies. The problem of finding the Lagrangian Lint will be tackled somewhere else.
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Appendix A: Virial Theorems
The virial theorems constitute a part of the post-Newtonian Lagrangian mechanics of N-body system as they allow
us to interconnect the external and internal degrees of freedom of a self-gravitating systems. There are global and local
versions of the virial theorems. In this appendix we derive the local virial theorems which are valid for a single body
A and relate its internal kinematic and structural properties to the external gravitational field. The virial theorems
are required for transformations of the post-Newtonian terms in section VID with the purpose of bringing them to a
form of the variational derivative. The virial theorems are also instrumental for transforming the multipolar terms in
the Lagrangians from the local to global frames as explained in section VIIB. Since the virial theorems are used in
the post-Newtonian terms only it suffices to derive them in the Newtonian approximation only. In what follows, we
employ the local coordinates wα = (u,wi) adapted to body A.
It is important to emphasize that all virial theorems given in this appendix and applied in the different sections of
the present paper, are valid solely on-shell because they intimately rely upon the use of the local equations of motion
of matter. Hence, they do not work off-shell and cannot be used for simplifying some terms in the Lagrangian before
taking the variational derivative.
1. Microscopic equations of motion
The virial theorems follow directly from the microscopic equations of motion of matter of body A. There are three
basic microscopic equations of motion. The first one is just a second Newton’s law written down for an element of
matter of body A. It reads,
ρ∗
dνi
du
= ρ∗∂iUA − ∂jσij +
∞∑
l=0
1
l!
QiLw
L , (A1)
where ρ∗ = ρ∗(u,w) is the invariant mass density of matter, νi = νi(u,w) is the spatial velocity of the element of
matter, UA = UA(u,w) is the Newtonian gravitational potential of body A alone, QL are the external gravitoelectric
multipoles defined in (21), the overdot denotes a total time derivative with respect to the local coordinate time u of
body A, and the total time derivative in the local coordinates is
d
du
≡ ∂
∂u
+ νk
∂
∂wk
. (A2)
Another equation is a thermodynamic (first) law of conservation of internal energy,
ρ∗
dΠ
du
+ σij∂jν
i = 0 , (A3)
where Π = Π(u,w) is the internal thermodynamic energy, σij = σij(u,w) is the stress tensor. The third equation is
the equation of continuity,
dρ∗
du
+ ρ∗∂iν
i = 0 , (A4)
which is exact. Equation (A4) tells us that
d
du
∫
VA
ρ∗d3w = 0 , (A5)
which is a law of conservation of the number of particles in the interior of body A.
2. Scalar Virial Theorem
Let us define scalar integrals
TA =
1
2
∫
VA
ρ∗ν2d3w , (A6)
UA = −1
2
∫
VA
ρ∗UAd
3w = −1
2
∫
VA
ρ∗ρ′∗|w −w′|−1d3wd3w′ , (A7)
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PA =
∫
VA
ρ∗Πd3w , (A8)
where TA is the total kinetic energy of the internal motions of matter of body A, UA is the total energy of gravitational
self-interaction of body A, and PA is the free thermodynamic energy of matter of body A. Making use of microscopic
equations of motion (A1) of matter of body A, it is straightforward to prove a scalar virial theorem relating the above
three quantities, by taking time derivatives from each of them and adding the derivatives all together. It yields the
law of the time evolution of the general-relativistic mass of body A defined in (42). After accounting for (A5), we
have
m˙A = T˙A + U˙A + P˙A =
∞∑
l=1
1
l!
QLM˙
L
A
, (A9)
where the multipole moments ML
A
are defined in (32). This equation is employed in section VA for computing the
time derivative from the inertial mass of body A.
3. Vector Virial Theorem
We consider time derivatives from two non-canonical dipoles
Ni
A
=
∫
VA
ρ∗w2wid3w , (A10)
Ri
A
=
∫
VA
ρ∗νjwjwid3w . (A11)
Let’s introduce the following notations for vector integrals
Ti
A
=
1
2
∫
VA
ρ∗ν2wid3w , (A12)
Ui
A
= −1
2
∫
VA
ρ∗UAw
id3w (A13)
Si
A
=
∫
VA
σkkwid3w . (A14)
Vector virial theorem states [18, Eq. 169]
6
5
R˙i
A
− 1
10
N¨i = 2Ti
A
+ Ui
A
+Si
A
+
∞∑
l=1
1
(l − 1)!QLM
iL
A
− 1
2
∞∑
l=1
1
(2l + 3)l!
QiLN
iL
A
. (A15)
This equation is used in computation of active dipole moment in section VIII C.
4. Tensor Virial Theorem
Let us now introduce tensor integrals
Iij
A
=
∫
VA
ρ∗wiwjd3w , (A16)
Tij
A
=
1
2
∫
VA
ρ∗νiνjd3w , (A17)
Uij
A
= −1
2
∫
VA
ρ∗ρ′∗(wi − w′i)(wj − w′j)
|w −w′|3 d
3wd3w′ , (A18)
Sij
A
=
∫
VA
σijd3w . (A19)
Their scalar counterparts obtained by contraction of the two indices are
NA =
∫
VA
ρ∗|w|2d3w , (A20)
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SA =
∫
VA
σkkd3w , (A21)
and the remaining two scalars are given above in (A6), (A7).
Now, we take a second time derivative from IijA and use (A1). We get a tensor virial theorem
1
2
I¨ij
A
=
∞∑
l=0
1
l!
QL
(i
M
j)L
A +
∑
l=0
1
l!(2l+ 3)
QijLN
L
A
+ 2Tij
A
+ Uij
A
+Sij
A
, (A22)
Contracting over two indices yields a scalar virial theorem for the central moment of inertia
1
2
N¨A =
∞∑
l=1
1
(l − 1)!QLM
L
A
+ 2TA + UA +SA . (A23)
After substituting the gravitoelectric potential QL from (21), and reshuffling terms in (A22) and (A23) we obtain
more explicit tensor and scalar virial theorem
1
2
I¨ij
A
− 2Tij
A
− Uij
A
−Sij
A
=
∑
B 6=A
∞∑
l=0
∞∑
n=0
(−1)n
l!n!
MN
B
M
L(i
A ∂
j)LN
R−1
AB
+
∑
B6=A
∞∑
l=0
∞∑
n=0
(−1)n
l!n!
NL
A
MN
B
2l+ 3
∂ijLNR
−1
AB
, (A24)
1
2
N¨A − 2TA − UA −SA =
∑
B 6=A
∞∑
l=1
∞∑
n=0
(−1)n
(l − 1)!n!M
L
A
MN
B
∂LNR
−1
AB
,
which connects the internal and external dynamic variables. The scalar and tensor virial theorems are used for
calculation of the Lagrangian in section VID and in section VIII E for comparison of the Lagrangians derived by
different authors.
